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Abstract. In this paper, we study the relation between a space X satisfying certain
generalized metric properties and the Pixley-Roy hyperspace F[X] over X satisfying the
same properties. We prove that if X has a o-point-finite en-network (resp., ck-network),
then F[X] also has a o-point-finite cn-network (resp., ck-network).

1. Introduction and preliminaries

The generalized metric properties on Pixley-Roy hyperspaces have been studied by
many authors [1,2,5-10]. They considered several generalized metric properties and
studied the relation between a space X satisfying such property and its Pixley-Roy
hyperspaces satisfying the same property.

Throughout this paper, all spaces are assumed to be T and regular, N denotes
the set of all positive integers. Moreover, if P is a family of subsets of a space X and
G C X, denote (P)g ={P€P:PNG+#0}.

The Pixzley-Roy hyperspace F[X]| over a space X, defined by C. Pixley and P. Roy
in [8], is the set of all non-empty finite subsets of X with the topology generated by
the sets of the form [F,V] = {G € F[X]: F C G C V}, where F € F[X] and V is
an open subset in X containing F. It is known that F[X] is always zero-dimensional,
completely regular (see [2]).

For each F € F[X] and A C X, denote [F,A] ={H € F|X]|: F C H C A}.

DEFINITION 1.1. A family P of subsets of a space X is said to be:
(i) a network [3] for X, if for any neighborhood U of a point x € X, there exists a
set P € P such that t € P CU.

(ii) a cn-network [4] for X, if for any neighborhood U of a point z € X, the set
U{P € P:x € P CU} is a neighborhood of z.
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(iii) a ck-network [4] for X, if for any neighborhood U of a point « € X, there is a
neighborhood U, of x such that for each compact subset K C U,, there exists a finite
subfamily F C P satisfying z € (\F and K C |JF C U.

(iv) point-finite [3], if the family {P € P : « € P} is finite for each x € X.

(v) o-point-finite, if P can be expressed as |J{P, : n € N}, where each P,, is point-
finite, and P,, C P41 for all n € N.

REMARK 1.2 ([4]). ck-networks = cn-networks = networks.

In this paper, we study the relation between a space X satisfying certain general-
ized metric properties and the Pixley-Roy hyperspace F[X] over X satisfying the same
properties. We prove that if X has a o-point-finite cn-network (resp., ck-network),
then F[X] also has a o-point-finite en-network (resp., ck-network).

2. Main results

THEOREM 2.1. Let X be a space. If X has a o-point-finite cn-network (resp., ck-
network), then so does F[X].

Proof. Assume that P = |J{Py : k € N} is a cn-network (resp., ck-network) for X,
where each Py, is point-finite and Py C Pi41 for each k € N. For each k € N, if we
put

Pi = {[F,\JM) : F € FIX] and # is a finite subfamily of (Px)r |,

then Pr C Prr1. Moreover, Py, is point-finite for F[X] for each k € N. Indeed, for
each k € N, let F € F[X] and W € By, such that FF € W. Then there exist G € F[X]
and a finite subfamily H C (Pj)q such that W = [G,|UH] and G C F C JH.

Since H C (Pr)q, we have H C (Px)r. This implies that

WeP,:FeW}lcC {[G,U’H] : G C F, H is a finite subfamily of (Py)r}.

Since Py is point-finite for X and the set F' is finite, (Py)p is finite and the set
{G : G C F} is finite. Hence, {[G,|JH]: G C F, H is a finite subfamily of (Py)r} is
finite. Therefore, {W € Py, : F € W} is finite. This proves that Py, is point-finite for
F[X]. Therefore, P = J{PBx : k € N} is a o-point-finite family for F[X].

Next, we prove that

B = {[F, U'H] : F' € F[X] and H is a finite subfamily of (P)F}.

It is clear that P C {[F,JH] : F € F[X] and X is a finite subfamily of (P)r}. Now,
take any W € {[F,UH] : F € F[X] and H is a finite subfamily of (P)r}. Then
there exist F' € F[X] and a finite subfamily H = {F; : i < s} of (P)r such that
W = [F,|JH]. Since P = |J{Ps : k € N}, there exists k; € N such that P; € (Py,)r
for each i < s. If we put m = max{k; : ¢ < s}, then P1,..., P € (P,,)r. This implies
that W € B, C B.
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Finally, let F' € F[X] and U be an open neighborhood of F' in F[X]. Then there
is an open set V' in X such that F € [F,V] CU.
(1) Let P be a cn-network for X. Put @ = {P € (P)r : P C V}. Then |JQ is
a neighborhood of F in X. This implies that there exists W open in X such that
FcWwWcJQ. Thus, F € [F,W] C [F,|JQ]. Moreover, we have

[F,UQlcUWeRB: FewcCUu}.

Indeed, suppose that H € [F,|JQ], then F C H C |J Q. Since the set H is finite,
there is a finite subfamily G C Q such that H C |JG. On the other hand, since |JG C
UJQ C V, it shows that [F,|JG] C [F,V] C U. Furthermore, since G C Q C (P)p,
we have [F,|JG] € {W e P : F e W CU}. Since H € [F,|JG], this implies that
HelUWepB:FeWwcCUu}.

Therefore, F € [F,W] C [F,JQlcUWeP:FeWcCU}.

Since the set [F, W] is open in F[X], we conclude that | J{W €P: F e W C U}
is a neighborhood of F' in F[X]. This shows that 3 is a cn-network for F[X].

(2) Suppose that P is a ck-network for X. Then for each z € F, there exists a
neighborhood V,, of x such that V, C V and for each compact subset A, C V., there
exists a finite subfamily A, of P satisfying z € (A, and A, C U A, C V. For
each z € F, since X is regular there is an open set O, in X such that x € O, C
O, C V. Put Vi = [F,U,.p O.], then for each compact subset K C V, we have

U Kc U:vEF
Claim [JK is compact in X.

In fact, take any open cover £ of |JK in X. Then for each F € K, we have that
F clUK c L. Hence, for each x € F, there exists U, € L such that z € U,. Since
F e [F,U,cp Us] for each F € K, U = {[F,U,cp U] : F € K} is an open cover of
K in F[X]. On the other hand, since K is compact, there exists a finite subfamily
0 of 4 such that K C |J2. This implies that there exist Fy,..., F,, € K such that
D {[Fl,UweFl Uas s [Fons Uer, Ux]}. Put V = {U, : ¢ € F;,i <m}. Since
each set F; is finite, V is a finite subfamily of £. Thus, we only need to prove that
UK C UV. Indeed, let z € K, then z € A for some A € K. This implies that
there exists ¢ < m such that A € [F;,J,cp Us], hence A C |J,cp, Ur. Therefore,
z €U, C UV for some = € F;.

By Claim, K, = ((JK)N O, is compact in X and K, C V,, for each x € F. This
implies that there is a finite subfamily F, C P such that z € (| F, and K, C |JF, C
V. Suppose that H = J,.p Fo and § = {[F,JG] # 0 : G C H}. Then F € (F and
UT C [F,V]. On the other hand, since the set F is finite and H C (P)p, the family
§ is a finite subfamily of 9. Furthermore, we have K C |J§. In fact, take any H € K,
then H C |JK. For each y € H, since YK = |J_p Ky, there exists x,, € F such that
ye K, CUFs,.

Put G=U yen Fz,- Thensince H € K C Vp, F' C H. This implies that H €
[F,UG] € F. Hence H € |U§. It shows that £ C [JF. Thus, K C |JF C [F,V] CL{
Therefore, P is a ck-network for F[X].

zeF

zEF
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Question: Let X be a space. If F[X] has a o-point-finite cn-network (resp., ck-
network), then does X have a o-point-finite cn-network (resp., ck-network)?
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