MATEMATICKI VESNIK
MATEMATUYKNM BECHUK
Corrected proof
Available online 21.08.2024

research paper
OPUTHHAJIHU HAYIHU DA

DOI: 10.57016/MV-nkMX9624

ON BETTER APPROXIMATION ORDER FOR THE NONLINEAR
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Abstract. Using maximum instead of sum, nonlinear Favard-Szdsz-Mirakjan operator
of maximum product kind was introduced. The present paper deals with the approximation
processes for this operator. Especially in a previous study, it was indicated that the order of
approximation of this operator to the function f under the modulus is y/z/n and it could
not be improved except for some subclasses of functions. Contrary to this claim, under some
special conditions, we will show that a better order of approximation can be obtained with
the help of classical and weighted modulus of continuities.

1. Introduction

For f € C[0,0), the classical Favard-Szdsz-Mirakjan operators are defined as

So(fiz) = e kijof (i) (n]:!)k

were introduced in [16].

The construction logic of nonlinear operators of the maximum product type, which
use the maximum instead of the sum, is based on the studies [8,9,14] (for details, see
also, [6]).

There are some other notable articles such as [2-5,7], which we will remind you in
chronological order, that various nonlinear operators of the maximum product type
have been introduced and their approximation and convergence properties have been
studied.

Note that the paper [2] is the first one in which uniform convergence rates and
shape-preserving properties are obtained with a remarkable approach, which is then
used in the paper [7].
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2 The nonlinear Favard-Szasz-Mirakjan operator

In particular, in [5] the approximation properties, convergence rate and shape
preserving properties of the maximum product type Favard-Szasz-Mirakjan operator
are investigated.

At this point, let us recall the following well-known concept of the classical module
of continuity:

w(f,8) =max{[f (z) = f(W)|; z,y € L,|z —y[ <}, (1)

The approximation order for the Favard-Szasz-Mirakjan operator of the maximum
product type can be found in [5] using the continuity modulus as w ( I m)

The main goal of this paper is to obtain a better order for the Favard-Szédsz-

Mirakjan operator of the maximum product type using the classical and the weighted
continuity modulus.

2. The concept of nonlinear maximum product operators

Before the main results, we will recall basic definitions and theorems about nonlinear
operators from [6-8].
Over the set of Ry we consider the operations V (maximum) and “” product.
Then (R4, V,-) has a semiring structure and is called a maximum product algebra.
Let I C R be a bounded or unbounded interval, and

CBi(I)={f:I— Ry : f continuous and bounded on I }.
Let us take the general form of L,, : CBy(I) - CB4(I), as

Lo () (@) = \ K (2,2) f(:) or Lo (f)(x) = \/ Kn (z,2:) f(z2),
=0 1=0

where n € N, f € CBL(I), K (.,z;) € CBy (I) and z; € I, for all i. These opera-
tors are non-linear, positive operators and also satisfy the following pseudo-linearity
condition of the form

Ly (af VBg) (x) = a Ly (f) () VB Ln(g) (x),Vo,B € Ry, f,g:CBL(I).
In this section, we present some general results for this type of operator which we
will use later.

LEMMA 2.1 ([7]). Let I C R be bounded or unbounded interval,
CBy (I)={f:1—Ry:f continuous and bounded on I },
and L, : CB1(I) - CB4(I),n € N be a sequence of operators satisfying the following

properties:
(i) If f,g € CBy (I) satisfy f < g then L, (f) < Ly (g) for alln € N.

(it) L (f +9) < Ln (f) + Ln (9) for f,g € CBL(I).
Then for all f,g € CB4y (I), n € N and x € I we have |L,, (f) (z) — Ly, (9) (z)| <

Lo (If = g]) (). -
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REMARK 2.2 ([5]). 1) It is easy to see that the nonlinear Favard-Szész-Mirakjan max-
imum product operator satisfy the conditions (i) and (ii) of Lemma 2.1. In fact,
instead of (i) t also satisfies the following stronger condition:

Ly (fVg)(x) = Ln(f)(x)V Ln(g) (x), f,g € CBL(I).
Indeed, taking into consideration of the equality above, for f < g, f,g € CB,(I), it
easily follows Ly, (f) (x) < Ly (g9) ().
2) In addition, it is immediate that the nonlinear Favard-Szdsz-Mirakjan maximum
product operator is positive homogenous, that is L,, (Af) = AL,, (f) for all A > 0.

After this point, we denote the monomials e.(t) := t", r € Ny. The first three
monomials are also known as Korovkin test functions.

COROLLARY 2.3 ([7]). Let L, : CB(I) = CB1(I), n € N be a sequence of operators
satisfying the conditions (i) and (i) in Lemma 2.1 and in addition being positive
homogenous. Then for all f € CB4(I), n € N and x € I we have
1
|Ln (f) (2) = f(@)] < | 5Ln (¢2) (@) + L (o) (2) | @ (f,0) + f () |Ln (e0) (x) =1,

where w (f,d) is the classical modulus of continuity defined by (1), § > 0, eg (t) = 1,
i (t) =t —z| for allt € I, x € I, and if I is unbounded then we suppose that there
exists Ly (pg) (x) € Ry U{oo}, for any x € I, n € N.

A consequence of Corollary 2.3 is the following:

COROLLARY 2.4 ([7]). Suppose that in addition to the conditions in Corollary 2.3,
the sequence (Ly),, satisfies L, (eo) = eo, for all n € N. Then for all f € CB4 (I),
n € N and x € I we have

L (F) @) = F@)| < [14 5 L0 (p2) ()| w(£,0)

where @, was introduced at Corollary 2.3 and w (f,6) is the classical modulus of
continuity defined by (1) and § > 0.

3. Nonlinear Favard-Szasz-Mirakjan operator of maximum product kind

In the classical Favard-Szdsz-Mirakjan operator, the sum operator ) is replaced by
the \/ maximum operator and introduced by Bede et al. in [7]. The non-linear
Favard-Szasz-Mirakjan operator of the maximum product type is thus defined as

Vg (k)
_ k=0

F(f)(a) = =0
\V (nl:!)
k=0

(2)

where f € C'[0,00), z € [0,00), n € N.
In [5], the approximation and shape preserving properties of Fy(lM)( f)(z) are in-
vestigated.
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REMARK 3.1 ([5]). It is clear that FM) (f) (x) satisfies all conditions in Lemma 2.1,
Corollary 2.3 and Corollary 2.4 for I = [0,00) .

4. Auxiliary results

From [5], we get F,(LM)(f)(O) — f(0) =0 for all n. In this part, we will also consider
x> 0.

For each k,j € {0,1,2,...,} and = € [%, %], let us define
k

Sk (7)) |£ — Spk ()
Mip,j () = —————— Mg j (7) = ———=
! Sn,j (@) ! Sn,j (T)

similar to [5]. It is clear that if £ > j 4+ 1 then

Mk:,n,’ xr) =
i () ——r
_k
and if £ < j —1 then My () = M
$n,j (T)
_ ()"
where s, 1, () =

Notice that, for all k,j € {0,1,2,...,}, Mg ;(z) and my, ; () were defined
in [5].
At this point, let us recall the following two lemmas.

LEMMA 4.1 ([5]). For all k,j € {0,1,2,...} and x € [, 71| we have my, , j(x) < 1.

n’

LEMMA 4.2. One has

v 41
\/ Snk (x) = s (), forallz € {J, ﬁ} ,3=0,1,...,
n’ n
k=0
_ ()
where  Sp 1 () o

We now give the following lemma, which is proved using a different proof technique
from that given in [2,5].

LEMMA 4.3. Let x € [%, %] and . =2,3,....
(i) Ifk€{j+1,5+2,...} is such that k — (k + 1)/ > j, then we have
Min,j (%) > Mgt1,5,5(2).
(ii) If k € {1,2,...,j — 1} is such that k + (k)*/* < j, then we get
Mpn,j(x) = Mig—1,n,5().
Proof. (i) From [5, Lemma 3.2, case (i)], we can write
My j(x) _ k+1k—j—1
Mytimj(®) — j+1 k—j
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After this point we will use a different proof technique from [5].
By using the induction method, let’s show that the following inequality
hrboizlsy 3)
i+1 k-3
holds for k — (k + 1)1/ > .

For a = 2, since the condition k — (k + 1)1/2 > j holds, then we have (k — j)* >
k+1. So we get (k+1)(k—j5—1) > (j+1)(k—j). Therefore we obtain the in-
equality (3) for a = 2.

Now, we assume that (3) is correct for a — 1. Since the inequality (3) holds for
E—(k+1)YD > 5 we have(k — 5)* > (k+ 1) (k — 7).

On the other hand, since k > j+1, we can write (k — j)* > (k+1) (k — j) > k+1.
So the desired inequality is provided for k — (k4 1)%/® > j. Thus we obtain,

Mkm,j(x) > k+1k—j—1 >1
Miying(x) — j+1 k—=j —

fora=2,3,....
(ii) From [5, Lemma 3.2, case (ii)], we can write
Myp(x) _j -k
Mk_l,mj(.lf) “kj—k+ 1
After this point we will use our proof technique again.
By using the induction method, let’s show that the following inequality

Jj Jj—k
J_J T >
KTkl (4)

holds for k 4 (k)Y < j.

For a = 2, because of the condition k + (k)'/? < j, we get k < (j — k)2 and
Jj(G—k)>k(j—k+1). Thus we see that (4) is satisfied for oo = 2.

Now, we assume that (4) is correct for a — 1. Since the inequality (4) holds for
k+ (k)= < 4, we havek (j — k) < (j — k)°.

On the other hand, since k < j — 1, we can write k < k(j — k) < (5 — k)®. So the
desired inequality is provided for k + (k)'/* < j. Thus we obtain

Mk,n,j(x) > l : j -k >1
My—1mj(x) ~ kj—k+1"

for a« = 2,3, ... which gives the desired result. O

5. Pointwise rate of convergence

Let us take an xg on the interval [0,00). The main goal of this section is to obtain
a better order of the pointwise approximation for the operators Fr(lM)( f)(zo) to the
function f(xo) using the continuity modulus. According to the following theorem, it
can be said that the order of the pointwise approximation can be improved if « is
large enough. Moreover, if @« = 2 , these approximation results turn out to be the
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results in [5].

THEOREM 5.1. Let f : [0,00) — Ry is bounded and continuous. Then for any fixed
point xg on the interval [0,00) , we have the following order of approxzimation for the
operators (2) to the function f by means of the modulus of continuity:

E()e0) — fan)| < (14455 ) o (5 17))

foralln € N, z¢ € [0,00) , where w (f; ) is the classical modulus of continuity defined
by (1) and . =2,3,... .

Proof. Since nonlinear max-product Favard-Szédsz-Mirakjan operator satisfies the con-
ditions in Corollary 2.4, for any xg € [0,00), using the properties of w (f;9), we get

1
FE (0 o0) ~ £ )| < 1+ B0 (o) )| w(28), )
n
where @, (t) = |t — zo|. At this point let us denote
V ek )
Ey (w0) : = F™ (ip4,) (w0) = "= , @0 € [0,00).
\ (m?)’“

P k!

Let x¢ € [%, &] , where j € {0,1,...,} is fixed, arbitrary. By Lemma 4.2 we easily

n

obtain
B _ JjJ+1
E, (z9) = k:rg’zix {Mgn,j(z0)}, 0 € {n’ = } .

Firstly let’s check for j = 0, where 2o € [0, 1] and o =2,3,... .
Since sp,0 (z9) = 1, then we obtain
(nxo)k
k!

k
My no (x0) = - 0‘ .

For k = 0, we get Mono(xo)zxoza:gm(l) o< —.

Now, for any k > 1, we have
1
(nzo)* k  nFlzgag

Eon (k=1 nk=% (k—1)! ~ nl-

Q=
S
8
S

Mk,n,O (xO) <

1
]
Lo

So, we find an upper estimate for any k£ =0,1,..., E, (z0) < —
n

when j = 0.

T
As a result it remains to find an upper estimate for each My, j (70) when j =
1,2,..., 1s fixed, zg € [%,%], ke{0,1,...,} and « =2,3,....
Indeed, we will demonstrate it

Z

nl-

O

Mpn,j (x0) <4 (6)

Q=
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for all zg € [£,2E] |k =0,1,..., which directly will implies that

a

E( )<4 1,forallon[Ooo),nGN

and taking 0, = —= T in (5) we have the estimate in the statement immediately.
n

So, in order to complete the proof of (6), we consider the following cases.
Case 1) If k = j then since x¢ € [i m] we get

n’ n
J Jj J+1 1
M' '$0:7—$0<7—7:7.
o) = | =g < [L 122
1
Now, since j > 1 we have zo > 1, which implies 1 = -1 < o
noe n o n @

Case 2) Let k> j+ 1.

Q=

Subcase a) Firstly, let’s assume that k£ — (k4 1)= < j. From Lemma 4.1 we have

k k k ]
My n,j (20) = M n,j (T0) (n - $0> <Z_gp<=-1L

n n n
<E_}%{k+né (k+1)=
n n N n

But we certainly have k < 3j. In fact, if we assume that k > 3j, since ¢’ (xg) =
1
1- ﬁ > 0, then the function g (x¢) = o — (o + 1)~ is nondecreasing. It
a(zo+
follows that we havej > k — (k + 1)é >3j—(3j+ 1)é . So we getj > 35— (35 +1)
which is also a contradiction.

Q=

1
<z and j > 1, we get
1 . 1 L
(h+DF _ @+1F _ (4)*F
n n - n

1 1 1

4 . E 4@ . [e3 l o

= E j)l T T 1 (]> =47 0 e

nNan o n_«a n nle

Subcase b) Assume now that k — (k+ 1)é > ] For the function g (xg) = xo —
(:Uo—i—l)é,we have g’(mo):1—<1/a(x0+1) ) > 0.

~—
Q=

In conclusion, taking into consideration (%

Mp,p,j (w0) <

|~

Thus we can say that the function g (o) is nondecreasing on the interval [0, c0),
it follows that there exists a maximum value k € {1,2,...,} satisfying the inequality

k— (IEJrl)é < j. Then, for k; = k + 1, we have k; — (I<:1+1)fx > j and

E+1 E+1
Mii1mj (z0) = ME+1,n,5 (zo) (n - 580) < ——1
— 1
_ . B 03
SRkt k—(k+1)
n n n n
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— 1 1 1 1

k o y o ar o
_(k+1) t1_ @it 41 (i) s i
n - n - n = nl—a

In the above inequality, taking into consideration that k — (E; + 1)% < j certainly

implies k& < 35 (see the similar reasonings in the previously mentioned subcase (a) ).

Also, we have k1 > j + 1. In fact, this results from the fact that ¢ is nondecreasing,

and since g (j) = j — (+ 1)é < j is obvious. By Lemma 4.3 (i) it follows that
1

.,DOC
0 for
-

My i (20) > My g, i (20) > .... We thereby obtain My, ; (zo) < 5a
any k € {I%+17I%+27...,}.

1
n

Case 3) Let k <j—1.

Subcase a) Assume first that k + k& > j. Then we obtain

k i+1 k _k+ka+1 k
My (20) = min; (20) <9ﬁo—)<J _k_ktkrl k

n n n n n
1 . 1
k5+1<(j71)a+1< 2jw s

1 1 <2 1
- = 1-= — 1-=

n n nan o n o
1

L L 1
taking into consideration that (j — 1)é +1<jv +j« and (£)° <ag.

Subcase b) Assume now that k + k= < j. Let k € {0,1,...,} be the minimum value

1

such that k + (IQ)E > j. Then ky = k — 1 satisfies ko + (kg)é < j and

1
k-1) _j+1 k-1 ’f+(k) t1 f-a

n

3
3
3

My g (0) = mj_y 5 (20) <IO on > - - B

1

1
4 A s
(¥ T2 _GHADTH2 4 (5N, w
n - nlfé.

Q

n n Y

For this final inequality, we used the self-evident relationship k—1=1ky < ko+ (ko) a <

1
j, which implies % < j + 1 and (k) " 12<(j41)" +2<4j%. And, since j > 1, it
is clear that ko < j — 1.

By Lemma 4.3 (i) it follows that Mj_, ,, . (zo) = Mj_, , ; (z0) = ... = Mon,; (o).
1

o

foranykgjflandxoe[%,ﬂ].

n

Thus we obtain My, ,, j (zo) < 4;3%

If we use

then we obtain desired result. O
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6. Rate of weighted approximation

We see that the previous results work for a fixed point z( or finite intervals. However,
if we want to achieve a uniform approximation on infinite intervals, we should use
weighted modules of continuity.

Before giving useful properties of this type of continuity moduli, let us recall the
following spaces and norms (see [12]):
B,(R) ={f : R — R| a constant M; depending on f exists such that |f| < M¢p},
C,(R) = {f € B,(R)| f continuous on R},

endowed with the norm || f|| , = supy<, ‘iégl.

To obtain the rate of weighted approximation of positive linear operators defined
on infinite intervals, various weighted modules of continuity are introduced. Some
of them contain the term h in the denominator of the supremum expression. In
chronological order, we refer to some related papers ss [1,10,11,13,15].

In [13] the authors have introduced the following weighted module of continuity:

o |f(z+h) — f(2)]
f;0) = ogiﬁaga (1+h2)(1+22)" ()

And in [10] the following weighted modulus of continuity were defined:

S e M@= @)
wp(f’ 5) - ng,UI:\gé p(.’L‘ + h) (8)

where p(z) > max(1,z). In the same paper the author has developed a generalization
of the Gadjiev-Ibragimov operators, which includes many well-known operators, and
obtains their weighted convergence rate using w,(f;9), defined in (8).

In [15], Moreno introduced a different type of modulus of continuity in (8) as
follows

O (Fa - an  M@Eh) = f@)
Qoz(fv(s) _O§§,|}IL)|§6 1+(.’L‘+h)a .

It is obvious that by choosing o = 2, in the definition of Qu(f;4), then we get
Q2(f;6) = wpo (f30) for po(x) =1+ a2
f(=

Moreover, let Cp(R) be the subspace of all functions in C,,(R) such that lim ;| Vo]

N

exists finitely.
In the light of these definitions, we can give the following theorem.

THEOREM 6.1. Let f : [0,00) — R be continuous. Then for all x € [0,00), we have
the following rate of weighted approximation for the operators (2) to the function
f by means of the weighted modulus of continuity defined in (8). Then for each
feCf(Ry), we have

FN@ —1@] _arearat) () ©

(po(x))? - (1+22)
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for all n € N, where w,,(f;0) is the weighted modulus of continuity defined by (8),
§>0, po(z)=1+2% and a=2,3,... .

Proof. By using the properties of w,, (f;0),(see [15] ), we can write
FMD(£)(@) =1 ()] < (14 e+ FPM (er) (2)?) (§F£M> () (@) +1) oo (f30) (10)

where ¢, was introduced at Corollary 2.3 and w,,(f; ) is the weighted modulus of
continuity defined by (8) and § > 0.

From the proof of Theorem 5.1, we have
1

E()<4 1,forallnEN (11)
On the other hand, after simple calculatlons, we have
oo k—1
AV =y \/ z* gy
FM (o) (@) = == = - =@ (12)
\/ nr \/ nr
WL, F WL, F

So, using the inequalities (11) and (12) in (10) and by choosing § = —L+, the proof

o

is completed. U
This theorem allows us to express the following weighted approximation result.
THEOREM 6.2. Let f : [0,00) — Ry be continuous. Then for all x € [0,00), we have

the following rate of weighted approzimation for the operators (2) to the function
f by means of the weighted modulus of continuity defined in (8). Then for each

fe C’SO (Ry), we have
@ - s, < 50w (£i55).
g (x) nl=a

for all n € N, where w,,(f;9) is the weighted modulus of continuity defined by (8),
§>0,po(z)=1+2% and a =2,3,... .

Proof. By using the inequalities H_Tg <1, {7z <land 13_ > < 1, we have
(1+922)(1 +4xa)
< 50. 13
(14 22)? - (13)
If we use (13) in (9), we obtain desired result. U

REMARK 6.3. Theorem 5.1, Theorem 6.1 and Theorem 6.2 thus show that the orders
of the pointwise approximation, the weighted approximation andthe weighted uniform
approximation are 1/n1’i. For sufficiently large « , l/nl’i inclines to 1/n. As a
result, since 1 — é > % for « = 2,3,..., this choice of « improves the order of
approximation. Thus, these results, including the classical and weighted modulus, of
continuities show that a better order of approximation can be obtained.
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S. Cit, O. Dogru 11

REFERENCES

(9]
(10]
(11]

(12]

(13]

(14]
(15]

(16]

N. T. Amanov, On the weighted approximation by Szdsz-Mirakjan operators, Anal. Math., 18
(1992), 167-184.

B. Bede, L. Coroianu, S. G. Gal, Approzimation and shape preserving properties of the Bern-
stein operator of maz-product kind, Hindawi Publ. Corp. Int. J. of Math. and Math. Sci.,
Article ID 590589 (2009), 26 pages, doi:10.1155/2009/590589.

B. Bede, L. Coroianu, S. G. Gal, Approzimation and shape preserving properties of the non-
linear Baskakov operator of maz-product kind, Studia Univ. Babesg-Bolyai (Cluj), Ser. Math.,
55(4) (2010), 193-218.

B. Bede, L. Coroianu, S. G. Gal, Approzimation and shape preserving properties of the non-
linear Bleimann-Butzer-Hahn operators of maz-product kind, Carol. Comment. Math. Univ.
Carolin, 51(3) (2010), 397-415.

B. Bede, L. Coroianu, S. G. Gal, Approzimation and shape preserving properties of the non-
linear Favard-Szdsz-Mirakjan operator of maz-product kind, Filomat, 24(3) (2010), 55-72.
B. Bede, L. Coroianu and S. G. Gal, Approzimation by Max-Product Type Operators, Springer
Int. Publ., Switzerland (2016).

B. Bede, S. G. Gal, Approzimation by Nonlinear Bernstein and Favard-Szdsz-Mirakjan oper-
ators of maz-product kind, J. Concr. Appl. Math., 8(2) (2010), 193-207.

B. Bede, H. Nobuhara, M. Dankova, A. Di Nola, Approzimation by pseudo-linear operators,
Fuzzy Sets and Syst., 159 (2008), 804-820.

B. Bede, H. Nobuhara, J. Fodor, K. Hirota, Maz-product Shepard approrimation operators,
JACIII, 10 (2006), 494-497.

O. Dogru, Weighted approximation of continuous functions on the all positive axis by modified
linear positive operators, Int. J. Comput. Numer. Anal. Appl., 1(2) (2002), 135-147.

G. Freud, Investigations on weighted approximation by polynomials, Studia Sci. Math. Hun-
gar., 8 (1973), 285-305.

A. D. Gadjiev, The convergence problem for a sequences of positive linear operators on un-
bounded sets, and theorems analogous to that of P. P. Korovkin, Soviet Math. Dokl., 15(5)
(1974), 1433-1436.

E. A. Gadjieva, O. Dogru, Weighted approximation properties of Szdsz operators to continuous
Sunctions, II. Kizilirmak Int. Sci. Conference Proc., Kirikkale Univ. Turkey, (1998), 29-37 (in
Turkish).

S. G. Gal, Shape-Preserving Approximation by Real and Complex Polynomials, Birkhduser,
Boston-Basel-Berlin, (2008).

A. J. Lopez-Moreno, Weighted simultaneous approzimation with Baskakov type operators,
Acta Math. Hungar.,104(1-2) (2004), 143-151.

O. Szész, Generalization of S. Bernstein polynomials to the infinite interval, J. Res. Nat. Bur.
Standarts, 45 (1950), 239-245.

(received 24.08.2022; in revised form 08.05.2023; available online 21.08.2024)

Department of Mathematics, Faculty of Science, Gazi University, Ankara, Turkey

E-mail: sezincit@gazi.edu.tr
ORCID iD: https://orcid.org/0000-0002-2668-3730

Department of Mathematics, Faculty of Science, Gazi University, Ankara, Turkey

E-mail: ogun.dogru@gazi.edu.tr
ORCID iD: https://orcid.org/0000-0002-2301-9957


https://orcid.org/0000-0002-2668-3730
https://orcid.org/0000-0002-2301-9957

	Introduction
	The concept of nonlinear maximum product operators
	Nonlinear Favard-Szász-Mirakjan operator of maximum product kind
	Auxiliary results
	Pointwise rate of convergence
	Rate of weighted approximation

