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Abstract. In this paper, we define generalized p—quasi contraction map which is more
general than strict quadratic quasi contraction map by using an altering distance function ¢
and prove the existence and uniqueness of fixed points of these maps satisfying asymptotically
regular property in the setting of complete metric spaces. We extend these results to T-
orbitally complete metric spaces. Examples are provided to illustrate our results. Our results
generalize Theorem 4 of [O. Popescu, G. Stan, Some fized point theorems for quadratic quasi
contractive mappings, Symmetry, 11 (2019)].

1. Introduction

The study and development of fixed point theory depends mainly on the generalization
of the conditions that guarantee the existence and, if possible, the uniqueness of fixed
points, as well as on the generalization of the ambient space of the operator under
consideration. Since the discovery of the Banach contraction principle, there have
been several generalizations.

In 1962 Edelstein [3] proved the following fixed point theorem.

THEOREM 1.1. Let (X, d) be a compact metric space and let T : X — X be a mapping
such that d(Tx, Ty) < d(z,y) for all x,y € X with x # y. Then, T has a unique fized
point.

Afterwards in 1973, Hardy and Rogers [5] extended Theorem 1.1 and proved the
following theorem.

THEOREM 1.2. Let (X, d) be a compact metric space and let T : X — X be a mapping
satisfying inequality

d(Tx,Ty) < A-d(z,Tx)+ B -d(y, Ty) + C - d(x,y) (1)
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2 Fixed points of generalized ¢-quasi contraction maps

for all x,y € X and x # y, where A, B,C are positive and A+ B+ C = 1. Then T
has a unique fized point.

In 1980, Gregus [4] proved the following theorem in Banach spaces.
THEOREM 1.3. Let X be a Banach space and C' a closed convexr subset of X. Let
T: X — X be a mapping satisfying inequality
[Tz — Tyl < allz —yl| + blle — Tz(| 4 clly — Ty (2)
for all x,y € C, where a,b, c are positive and a+b+c = 1. Then T has a unique fized

point.

Recently in 2019, Popescu and Stan [8] introduced the notion of quadratic quasi
contraction mapping.

DEFINITION 1.4. A mapping 7 : X — X of a metric space X into itself is said to be
quadratic quasi contraction map if there exists a € (0, 3) such that

d*(Tx,Ty) < a-d*(z,Tz) +a-d*(y,Ty) + (1 — 2a) - d*(x,y) (3)
for all z,y € X. T is said to be strict quadratic quasi contraction map if
d*(Tz, Ty) < a-d*(z,Tx) +a-d*(y, Ty) + (1 - 2a) - d*(z, y) (4)

for all z,y € X with x # y.

REMARK 1.5. Popescu and Stan [8] observed that if a selfmap T satisfies the inequal-
ity (1), then it satisfies (4), but its converse is not true [8, Example 1]. Therefore,
strict quadratic quasi contraction maps are more general than the maps that satisfy
the inequality (1).

Popescu and Stan [8] proved the following theorems.

THEOREM 1.6 ([8, Theorem 4]). Let (X,d) be a compact metric space and let T :
X — X be a strict quadratic quasi contraction map. Then T has a unique fized point
v € X. Moreover if T is continuous, then for each x € X, the sequence of iterates
{T"x} converges to v.

THEOREM 1.7 ([8, Theorem 5]). Let X be a Banach space and C be a closed convex
subset of X. Let T : C — C be a mapping satisfying the inequality:

1Tz — Ty|? < al|z — Tz|* + ally — Tyl|* + bz - y|?
for all x,y € C, where 0 < a < %,b =1—2a. Then T has a unique fized point.

In 1967, the concept of asymptotic regularity of a selfmap at a point in the space
was introduced by Browder and Petryshyn [2].

DEFINITION 1.8. Let (X, d) be a metric space and T : X — X be a mapping. Let
r € X. If lim d(T"z, T" 'z) = 0 then T is said to be asymptotically reqular at a

n—-+oo

point x in X. If T is asymptotically regular at every point xz in X then we say that
T is asymptotically reqular on X.
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In 1984, Khan, Swaleh and Sessa [6] considered contraction condition with an
altering distance function to prove the existence of fixed points in complete metric
spaces.

DEFINITION 1.9. Let ¢ : Rt — Rt (RT = [0,400)) be a function. If ¢ satisfies the
conditions

(i) ¢ is continuous, (i) ¢ is monotonically increasing,  (iii) ¢(t) =0iff t =0,
then ¢ is said to be an altering distance function or control function.

We denote the class of all altering distance functions by ®

For more details on altering distance functions and results based on altering dis-
tance functions, we refer to [7,10,11].

Motivated by the work of Popescu and Stan [8], as well as Khan, Swaleh and
Sessa [6], in Section 2 we define generalized ¢-quasi contraction maps using an altering
distance function ¢ and prove the existence and uniqueness of fixed points of these
maps under asymptotically regular property in complete metric spaces. In Section 3
we extend our results to T-orbitally complete metric spaces. In Section 4 we provide
examples to illustrate our results. Our results extend and generalize Theorem 1.6 and
Theorem 1.7 to complete metric spaces.

2. Fixed points of generalized ¢-quasi contraction maps

In the following, we define generalized ¢-quasi contraction map.

DEFINITION 2.1. Let (X, d) be a metric space and T': X — X be a mapping. Assume
that there exist ¢ € ® and a € (0, ) and a nonnegative real number r € (0,a) such
that

p(d(Tz, Ty)) < alp(d(z, Tx)) + (d(y, Ty))]

+ (1 = 2a)p(d(z,y)) + rle(d(z, Ty)) + (d(y, Tz))]  (5)
for all z,y € X. Then we say that T is a generalized p-quasi contraction map.

We note that if ¢(t) = t2,¢+ > 0,7 = 0 then T is a quadratic quasi contraction.

REMARK 2.2. The class of generalized ¢-quasi contraction maps are more general
than strict quadratic quasi contraction maps (see Example 4.2).

LEMMA 2.3 ([1,9]). Suppose (X,d) is a metric space. Let {x,} be a sequence in X
such that d(xn, Tny1) = 0 as n = +oo. If {x,} is not a Cauchy sequence then there
exist € > 0 and sequences of positive integers {my} and {n;} with my > ng, > k such
that d(Tm,,, Tn,) > €, A(Tm,—1,Tn,) < € and

(i) hm d(mmk,xnk) =€ (i1) hm ATy —1, Ty ) = €,

(m) hm ATy —1, Tnp+1) = €, (iv) hm ATy —1, Tnp—1) =
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THEOREM 2.4. Let (X, d) be a complete metric space. Let T : X — X be a generalized
w-quasi contraction map. If T is asymptotically regular at some point xy in X then
T has a unique fized point in X.

Proof. Let T : X — X be asymptotically regular at a point xy in X. Let us consider

the sequence {T™x¢}.
Let m,n € N and m > n. Now from the inequality (5) and by using the triangle

inequality, we have
P(d(T™x0,T"0)) = @(d(T(T™ 20), T(T" " )))
< afp(d(T™ ™ wo, T™ o))+ (d(T" o, T"20)) ]+ (1-2a)p(d(T™ 29, T a0
+rlp(d(T™ g, T o))+ (d(T" g, T x0))]
< alp(d(T™ wo, T™w0))+p(d(T" 2o, T 20))]+(1-2a) p(d(T™ g, T™20)
+d(T™ 2o, T™x0)+d(T™x0, T ' 20))
+rlp(d(T™ g, T o) +d(T™ w0, T x0) )+ (d(T™ g, T o) +d(T" x0, T™ x0))].
On letting m,n — 400, we get
lim  (d(T" o, T"x0)) <

m,n— 400
af lim P(d(T™ g, T o))+ Jdm P(d(T" g, T"x0))]

+(1—2a)[ limJr O(d(T™ Yo, T™20)+d(T™xg, T 20)+d(T 20, T '20))]

+r[ lim o(d(T™ tag, T™x)+d(T™z0, T™20))

m,n—+00
+ Jim o(d(T" g, T"x0)+d(T™ 20, T™x0))].
m,n—r—+0Qo

Since ¢ is continuous, it follows that
o( lm  d(T™xo,T"x0)) < ale( lim d(T™ *ao, T™x0))+o( EI—E d(T" g, T"x0))]

m,n—-+o0 m——+o00

+(1-2a)p( lim d(T™ zg, T™xo)+ lim  d(T™xq, T"x0)

m——+o0 m,n—+00

+ lim d(T"x, T" txo))+r[p( lim d(T™ tzg, T™xe)+ lim  d(T™zo, T"x0))

n—-+4oo m——+oo m,n—+00

+o( lim d(T" ‘oo, T"xo)+ lim  d(T"zo, T™x0))].

n—-+o0o m,n—4o00

Now by using the asymptotically regularity of T', we obtain
gD( lim d(Tm.’L‘o, Tnl'()))

m,n—4oo

<(1—2a)p( li_r>nJr ATz, T"x0)) + 2rp( lim  d(T™wxg, T"x0))

m,n—4oo
=((1—2a) +2r)¢( lim+ d(T™xg, T"x)),
m,n——+o00
(1—((1—2a)+2r)e( lirn+ d(T™ 2o, T"x0)) <0,
m,n—+o00
Le. 2a—r)p( lim d(T™zo, T"wo)) < 0.

This implies that o(limy, n— oo d(T™x0, T"20)) = 0, since a —r > 0. Therefore,
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limy,, 5400 d(T™ o, T"x) = 0 and thus {T"x¢} is Cauchy. Since X is complete,
there exists a point w in X such that lim,, o T"z¢ = u.
We now consider

P(d(T" o, Tw)) < alp(d(T" 'z, T"x0)) + p(d(u, Tu))] +
+ r[p(d(T" o, Tu)) + @(d(T 0, w))]
< alp(d(T™ tag, T™20)) + @(d(u, Tu))] + (1 — 2a)(d(T" 20, u))
+rlp(d(T"  wo, w) + d(u, Tu)) + (d(T"xo, u))].
On letting n — +o00, we have
Jm o(d(T" g, Tw)) < af T o(d(T" 20, T"w0))+p(d(u, Tu))]

(1= 2a)p(d(T" o, u))

+(1—2a) nll)rfoo o(d(T™ g, u))

+T[nli>{lrloo o(d(T™ Y20, w)+d(u, Tu))+ lim o(d(T"zo,u))].

n——+4oo

Since ¢ is continuous, we have
: n < : n—1 n
p( lim d(T"zo, Tu)) < alp( lim d(T" 2o, T"@0))+¢(d(u, Tu))]
+(1-20)¢( lim_d(T" Lz0,u))

+r[o( lim d(T" xg, u)+d(u, Tu))+p( lim d(T"zg,u))]

n—-+oo n—-+oo

and hence

e(d(u, Tu)) < ap(d(u, Tu))+re(d(u, Tu)),

so that ¢(d(u, Tu)) < 0 (since (a+r) < 1). Therefore p(d(u, Tw)) = 0, which implies
that d(u,Tu) = 0. Therefore Tu = w and u is a fixed point of T". Suppose that v is
another fixed point of 7. Then
e(d(u,v)) = p(d(Tu, Tv))
< alip(d(u, Tu))+(d(v, Tv)) | +(1-2a)p(d(u, ) +rlp(d(u, To))+o(d(v, Tu))]

= afp(d(u, u))+p(d(v, v))]|+(1-2a)p(d(u, v))+r[e(d(u, v))+e(d(v, u))]

= (1=20)+2r)p(d(u, v)).
This implies that

(1—-((1-2a)+2r))e(d(u,v)) <0, ie 2(a—r7)p(d(u,v)) <O0.

Since r < a, we have (d(u,v)) < 0, so that ¢(d(u,v)) = 0 and d(u,v) = 0. Therefore
v =y and u is the unique fixed point of T'. O

THEOREM 2.5. Let (X,d) be a metric space and T, a mapping of X into itself. As-
sume that

(i) T is a generalized p-quasi contraction map.

(i) T is asymptotically reqular at a point  in X and

(iii) the sequence of iterates {T"x} has a subsequence {T™ x} such that {T™* x} con-
verges to a point z in X,
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then z is the unique fixed point of T and {T"x} also converges to z.

Proof. Let T be asymptotically regular at z in X and consider the sequence {T"x}.
Suppose that {T™ x} is a subsequence of {T"x} such that limy_, 400 T™ 2 = 2
and Tz # z. By inequality (5), we have
p(d(T™ 2, T2)) = p(d(T(T™ '), Tz))
<alp(d(T™ o, T™2)) 4+ (d(z,T2))] + (1 — 2a)(d(T™ 'z, 2))
+ ro(d(T™ tx, T2)) + p(d(z, T x))]
<alp(d(T™ e, T™2)) 4+ @(d(z,T2))] + (1 — 2a)(d(T™ o, T z) + d(T™ x, 2))
+ro(d(T™  to, T x) + d(T™x, 2) + d(2,T2)) + p(d(z, T"z))].
On letting kK — 400, and using the continuity of ¢, it follows that
( lim d(T™z,Tz)) < alp(, lim d(T™ ', T™ @) + p(d(2, T2))]
+(1- 2a)<p(k£r+noo d(T™ g, T ) + i lim d(T"*z,z))

—+0o0

+r[p( lim d(T™ 'z, T™z) + lim d(T™z,z)+d(z,Tz))

k——+oo k—+oco

+o( im d(z,T""z))].

k——+o0
Since T is asymptotically regular:
o(d(z,Tz)) < ap(d(z,Tz)) + re(d(z,Tz)) = (a+r)p(d(z,T2))

Since a + 71 < 1, p(d(z,T=z)) < 0 so that ¢(d(z,Tz)) = 0. Therefore Tz = z and z is
a fixed point of T.

Uniqueness of fixed point follows trivially by applying the inequality (5).

We now show that {T™z} is Cauchy. Suppose that the sequence {I"x} is not
Cauchy. Then from Lemma 2.3, there exist e>0 and subsequences of positive in-
tegers {m(k)} and {n(k)} with m(k)>n(k)>k such that d(T™*z, T"*) z)>¢ and
d(T™R) =1z T7H) 2)>e and we have limy,_, oo d(T™5), TF))=¢, limy,_, ;oo d(T™F) g,
TR g)=€ and limy,_, 4 oo d(T™F 1z, TR ~13)=c. We now consider

p(e) < (T W, "M ) = o(d(T(T™ )~ 2), T(T"H) "))
< alp(d(T™ P2, T W) + p(d(T" 0 2, T F ) )]
+ (1 = 2a)(d(T™® =g T =1y 4 p[p(d(T™ O~ g, TR )
T (T, T )]
< a[p(d(T™® g, TR 1)) 4 o(d(TF) L, TR 1))
+ (1 = 2a)p(d(T™®) "o, TP 1)) 4 r[p(d(T™ R e, TR g)
+d(T™ ) g, TF) 1)) 4 o(d(TF) =g, TR ) 4 (T8 e, TR )]
On letting &k — 400, we have
wle) < alp( lim (T, T W) 4 o Jim AT, T )]

—+o0
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+ (1 —2a)p( lim d(T™O g TPF=10)) 4 r[p( lim  d(T™F e, TR )

k—+oo k—+oco

+ lim d(TM(k)$7Tn(k)l‘))—|—tp( lim d(Tn(k)flx’Tn(k)x)

k—+oo k—+o00

+ lim d(T"®z, T™F )]

k— 400
Since T is asymptotically regular ¢(€) < (1 — 2a)p(€) + 2rp(e) = ((1 — 2a) + 2r)p(e),
ie. 2(a —r)p(e) <0, and so p(€) < 0, which is a contradiction. Therefore {T™z} is
Cauchy.
Now, by our assumption (ii), it follows that the sequence {T™z} converges to z
in X. Hence the theorem follows.

REMARK 2.6. Since every strictly quadratic quasi contraction map is a generalized
-quasi contraction map with ¢(t) = 2, t > 0, it follows that Theorem 1.6 follows as
a corollary of Theorem 2.4, which in turn follows from Remark 1.5 that Theorem 1.2
also follows as a corollary of Theorem 2.4 in the context of complete metric spaces.

3. Fixed points in orbitally complete metric spaces

Let (X,d) be a metric space and T : X — X. For zg € X,0(xg) = {T"zo/n =
0,1,2,...} is called the orbit of xo, where T® = I, I the identity map of X.

A metric space X is said to be T-orbitally complete if every Cauchy sequence
which is contained in O(x) for all x in X converges to a point of X.

Every complete metric space is T-orbitally complete for any 7', but every T-
orbitally complete metric space need not be a complete metric space. For more
details, we refer to [12].

In the following, we prove the existence of fixed points of generalized ¢-quasi
contraction maps in T-orbitally complete metric spaces.

THEOREM 3.1. Let (X,d) be a T-orbitally complete metric space. Assume that T is
asymptotically reqular at some point xo in X. If there exist a function ¢z, € ®,a €
(0,3) and r € (0,a) such that
Pao (d(Tx, Ty)) < apy, (d(z, Tx)) + apa, (d(y, Ty)) + (1 = 2a) o, (d(z,y))
+ 7oz (d(z, Ty)) + o, (d(y, T))] (6)

for all z,y € O(xp). Then the sequence {T™x¢} is Cauchy in X, lim,, 4o T"xo = 2,
z € X and z is a fized point of T. Further, z is unique in the sense that O(z)
contains one and only one fixed point of T.

Proof. If we proceed as in the proof of Theorem 2.4, it follows that {T™xz(} is Cauchy.
Since X is T-orbitally complete, we have that there exists z in X such that z =
lim,, s 100 T™xg, and z € O(x). Now it follows again as in the proof of Theorem 2.4
that z is a fixed point of T, and this z is unique in O(x). O
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COROLLARY 3.2. Let (X,d) be a T-orbitally complete metric space. Assume that T
is asymptotically reqular at some point xo in X. If there exist a function ., € ®,a €
(0, %) such that

Pao (d(Tx, Ty)) < apa, (d(z, Tx)) + apa, (d(y, Ty)) + (1 = 2a)pa, (d(z,y)) (7

for all x,y € O(xp). Then the sequence {T"xo} is Cauchy in X, lim, 4. T"xy =
z,z € X and z is a fized point of T. Further, z is unique in the sense that O(zg)
contains one and only one fixed point of T.

Proof. Since the inequality (7) implies the inequality (6), the conclusion of this corol-
lary follows from Theorem 3.1. 0

4. Examples

The following examples are given in support of our results.

EXAMPLE 4.1. Let X = [—1,400) with the usual metric. We define T': X — X by
1
L 1<e<d

Tx =<3 Y22 ith @(t) =t2,¢t > 0. We choose a = % and r = &. Note
0, 5 <x < 4o

that 0 <r <a < % In the following we show that T satisfies the inequality (5).

(5
Case i) Let z,y € [—1, 3]. Then ¢(d(Tz,Ty)) = 0. Therefore the inequality (5) holds
trivially.
Case ii) Let z,y € (4,+00). Then ¢(d(Tx,Ty)) = 0. Therefore the inequality (5)
holds trivially.

Case iii) Let # € [-1,3] and y € (§,400), we have ¢(d(Tz,Ty)) = ¢(|3 —0]) =
1y 1
¢(3) = 5 and

alp(d(x, Tx)) + (d(y, Ty))] + (1 = 2a)p(d(z,y)) + rlp(d(z, Ty)) + ¢(d(y, Tr))]

5 1. 5 1 4 1
= ﬁ@(bﬁ §|) *¢(|y|) fw(\y —z|) + *[¢(|x|) + oy — g)}
5 1, 5 1 4 1,
— et S Ly e L - b
5 1, 5 1 1,1 o 4., 1 1,
> (p— = 2.z = Z_Z
TR ey e v R AR T N R Gt Y
5 1, 5 11 o, 4., 1.5 1 _1_
Syt gt G o gl ggl 2 g g > g = el Ty)).
Case iv) Let x € (3,+00) and y € [—1, 1]. In this case, p(d(Tz,Ty)) = (|0 — 3|) =

#(3) = 5 and
[ (d(z,Tz)) + p(d(y, Ty))] + (1 = 2a)p(d(z, y)) + rle(d(z, Ty)) + ¢(d(y, Tx))]

= 2 pllal) + plly — 31) + e — 3l) + 2 lellz — 21) + ply — 0]
:% e f§>2+11< P+l - 5+
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11 4

[
—_

5 1 2 2 2

> 2.z _Z —(Z_ Z_Z

TRV TE AR TAC R MR vl (S 3) +y’]

5 5 1, 1.1 o, 4.1 ,_5 1 1

T A B il > 2 4 = 2= o(d(Te. Ty)).
w3t gG ot lgg tvlz gt gy > g = Tz Ty)

Therefore from Case i) to Case iv), it follows that T" satisfies the inequality (5). Also,
it is easy to see that T is asymptotically regular on X. Hence T satisfies all the
hypotheses of Theorem 2.4 and % is the unique fixed point of T'.

EXAMPLE 4.2. Let X = [0,1] with the usual metric. We define T': X — X by

1 ifz=0
Tex=< 1 ifze(0,1) with (t) =2t > 0. We choose a = ; and 7 = £. Note that
0 ifz=1

0 <r <a< 3. Wenow show that T satisfies the inequality (5).
Case i) =0,y € (0,1). Then ¢(Tz,Ty) = ¢(|1 — 3|) = (3)> =1 and

alp(d(z, Tx)) + (d(y, Ty))] + (1 — 2a)p(d(z,y)) + e (d( Ty)) + ¢(d(y, Tx))]

= 3000 = 1)+ 3o(ly — 5D+ 5000~ y) + £1p(10 — 5 + (ly ~ 1))
T 1)2+(y—1)2]2%+2—10>%

=1 TW=35)+ 5y =15 = o(d(Tz, Ty)).
Case ii) =1,y € (0,1). Then ¢(d(Tx,Ty)) = ¢(|0 — 3|) = (5)? = ; and

alp(d(z, Tx)) + (d(y, Ty))] + (1 — 2a)p(d(z,y)) + rlp(d(z, Ty)) + ¢(d(y, Tr))]
(

= 3001 =0+ 3o(ly — 5+ 501~ y) + o1~ 5 + p(ly — O]
= 3+ 70— 3+ 50—+ ) +y2}z§+i0>§ (T, Ty).

Case iii) x € (0,1),y = 0. Then p(d(Tz,Ty)) = ¢(|5 — 1) = ¢(3) = (5)* = ; and
[

2 4
ale(d(z, Tz)) + o(d(y, Ty))] + (1 — 2a)p(d(x,y)) + rlp(d(z, Ty)) + ¢(d(y, T))]

= 3l — )+ 7000~ 1)+ 2ol — 00) + gl — 1) + 9(10 — 5 )]
= i(xf%)2+i+%x2+%[(x71)2+(%)2] > i+ L e(d(Tz, Ty)).

L
Case iv) z € (0,1),y = 1. Then ¢(d(Tz,Ty)) = ¢(|3 —0]) = (3)*> = 1 and
alip(d(r, T)) + pldly, Ty))] + (1~ 20)(d(z, ) + rlp(dlar, Ty)) + pldly, Tr)]
= 190 = 31+ 101 = 0D + 2(l — 1) + gLz — 0) + (1 — 2 )

1, 1, 1 1 , 1., 1,1 1 1
:1(95—5) —|—1+§(x—1) +5[33 +(§)] 1T 1= o(d(Tz, Ty)).

Case v) z,y € (0,1). Then ¢(d(Tz,Ty)) = 0. Therefore the inequality (5) holds
trivially.

€

20
0
rle
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Case vi) z =0,y = 1. Then ¢(d(Tz,Ty)) = ¢(|1 —0|) =1 and
ale(d(x, Tx)) + @(d(y, Ty)) + (1 = 2a)p(d(z,y)) + rle(d(z, Ty)) + ¢(d(y, Tz))]
1 1 1 1
= 7200 = 1)) + 2o(11 = 0]) + 5¢(10 = 1) + £[2(0) + (0)]
= % + i + % + %(0) = 1= (d(Tz,Ty)).
Case vii) © =1,y = 0. Then ¢(d(Tz,Ty)) = ¢(J0 —1|) =1 and
alp(d(x, Tx)) + (dy, Ty))] + (1 = 2a)p(d(z,y)) + rle(d(z, Ty)) + ¢(d(y, Tr))]

= 19011~ 0]+ 3010 — 1) + 50(11 ~ 0]) + £ [o(0) + 9(0)]
= i + i + % + é(O) =1=¢(d(Tz,Ty)).

From all the above cases, we have T satisfies the inequality (5) and hence T is a
generalized @p-quasi contraction map. Clearly T is asymptotically regular at any
point of (0,1). Thus T satisfies all the hypotheses of Theorem 2.4 and % is the unique
fixed point of T.

Here, we observe that T is not a strict quadratic quasi contraction map. For, we
choose z = 0 and y = 1. In this case,

d(T0,T1) =1 # a-d*(0,T0) +a-d*(1,T1) + (1 — 2a) - d*(0,1)
=a-14a-1+4(1—-2a)-1=1

for any a € (0, %) Hence, the class of generalized ¢-quasi contration maps are more
general than the class of strict quadratic quasi contraction maps (Remark 2.2).

Now, from Remark 2.6, it follows that Theorem 2.4 is a generalization of Theo-
rem 1.6, which in turn, Theorem 2.4 is also a generalization of Theorem 1.2.

REMARK 4.3. If we drop the assumption “T is asymptotically regular at some fixed
point x of X” in Theorem 2.4 then the conclusion of Theorem 2.4 may not hold.

EXAMPLE 4.4. Let X = {0,1} with the usual metric. We define T : X — X by
0 ifz=1
Tx = ) ?f o 0 with ¢(t) =2, ¢t > 0. For x = 1 and y = 0, we have ¢(d(Tz, Ty))
ifx =
=p(J0—-1]) =1 and
ale(d(z, Tx)) + (d(y, Ty))] + (1 = 2a)p(d(x, y)) + rle(d(z, Ty)) + ¢(d(y, T))]
=a-14+a-1+(1—-2a)-14+7r-0=1=@(d(Tz,Ty)).

Therefore T is a generalized ¢-quasi contraction map. But T is not asymptotically
regular at any point x € X and T has no fixed points. This phenomenon indicates
the importance of asymptotic regularity of 1" in our results.

EXAMPLE 4.5. Let X = [0, 400) with the usual metric. We define T': X — X defined
by T(0) = 1,T(1) = 1+ 5, T(X27) = 3750 27, T(2) = 2 with gy, () = 1
Clearly T is asymptotically regular at g = 0. We now consider the orbit of x¢ = 0,
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ie. 000)={>1",2":n=0,1,2,...} U{0}, and O(0) = O(0) U{2}. Here, it is easy
to see that the space X is T-orbitally complete.

In the following, we verify the inequality (7) by choosing a =
Case i) x =0,y = 1. Then

PN

1 1 1 1
AT T4)) = (AL 1+ 3)) = (L= 1= 2D = (| — 2 = (3
1 1
=<l a= - 20, (i)
Case ii) =0,y =" ;2" In this case,
n+1 n+1
ao (AT, Ty)) = 00y (|11 =Y 27 = (D_27")?
=0 =1
111 1, 1. 1 1 1,
S . O
Gtatet - tam) =0rgtat T
1 1 1 1
LIttt )P = (1= 2000, ().
Caseiil) z =1,y =) ;27" Then
n+1 n+1
Puo (AT, TY)) = Py I1+**Z2z| 27y
i=2
1 1 1, 1,1 1 1,
_(22+23+"‘+2n+1) 4(2+22+" +2n)
<3G Fgr et ) = (1= 200, (dl,y)
=39y on @/ P20\ BT Y

Case iv) z =2,y = 0. Then

1
gpxo(d(Tx,Ty)) = 90900(‘2 - 1|) =1<2= 5 4= (1 - 2@)(sz(d($U,y))
Case v) x =2,y =1. Then

_ Ly 1o 1o
uo (AT, Ty)) = ¢ao (12— 1 = 51) = vao(5) = (5)
1 1
— < =l.1=(1-2
i<l (1 - 20)¢, (d(z 1)
Case vi) 2 =2,y =>." ;27" Then
n+1 n+1 ) n+1 ]
Puo ATz, Ty)) = pr, (2= 27 )= (2= 272 =(1-) 277)?
i=0 i=0 i=1
1, X, 1, R
=5 d 27)P< 5 > 272 < (1 - 2a)p, (d(2, y)).
i=n+1 i=n+1

Casevil) z =" (27 y=> 1 27" Letm>n
n+1 m—+1 m—+1 m

oo (AT Ty)) = (13227 = 3027 = el 2= (Y 2
=0

1=n-+2 1=n—+1
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<30D 2P = (- 200, (dlw,0).
1=n+1

Therefore from all the above possible cases, it follows that T satisfies the inequality

Pz (d(T.’E, Ty)) < (]- - 2a)§010 (d((E, y))
< @y, (d(@,Tx)) 4 apa, (d(y, Ty)) + (1 — 2a)pq, (d(2, y))

for all z,y € O(zo). Hence the inequality (7) holds with a = 1. Therefore T satisfies
all the hypotheses of Corollary 3.2 and 2 is the unique fixed point of T" in the closure
of the orbit of 0, i.e. O(0) and lim,,_, o 770 = 2.
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