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Abstract. Consider a commutative ring R with an identity element 1 # 0. The set
Z(R)' is defined as the collection of all elements in the ring R that are non-zero and non
units. The undirected graph I'V(R) with vertex set Z(R)’, known as the cozero-divisor graph
of R. In this graph, two distinct vertices, denoted by x and y, are connected by an edge
if and only if z is not an element of the ideal yR and y is not an element of the ideal xR.
In this article, we find the Laplacian eigenvalues of the graphs I''(Z,,) for n = qungg and
q1Q1q§2q3, where ¢1, g2, g3 are distinct primes and @, Q1, Q2 are positive integers.

1. Introduction

In this article, unless specifically stated otherwise, we will use the symbol R to rep-
resent a commutative ring that possesses an identity element 1, where 1 is distinct
from 0. The notation wR signifies the ideal generated by an element w within the
ring R, defined as the set wR = {wa : a € R}. The collection Z(R)" represents the
set of elements in the ring R that are neither zero nor units.

Introducing the terminology used in graph theory, we denote the vertex set of
a graph G as V and its edge set as E, which allows us to represent the graph as
G = (V, E). The number of vertices within a graph G is referred to as its order, while
the number of edges in the same graph signifies its size. A complete graph with ¢
vertices is symbolized as K, and its complement is denoted by K. The neighbourhood
of a vertex v, denoted by N¢g(v), is defined as the set of vertices in graph G that are
adjacent to vertex v. The number of edges that are incident to a particular vertex
v € V is represented by deg(v), which signifies the degree of that vertex. If, for every
vertex v, the degree deg(v) equals s, then we characterize the graph G as s-regular.

Now, consider any square matrix denoted by 2 and let the distinct eigenvalues
of this matrix be (1, (s, ..., (; each with multiplicities uy, uo, ..., s respectively. We
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2 Spectrum of the cozero-divisor graph of the ring Z,

represent the spectrum of matrix 2 as o(2) and it is defined as the set of these
distinct eigenvalues o(2) = < (", 4%, ..., t’“} For a graph G, L(G) denotes the
Laplacian matrix of G and is defined as
deg(ws), s=t,
L(G) = (Ist) = { —1, s #t and wg ~ wy,
0, otherwise.

A graph G is termed Laplacian integral if all of its Laplacian eigenvalues are integers.
The spectrum associated with the Laplacian matrix is referred to as the Laplacian
spectrum of the graph G and is denoted by o (G).

The concept of the cozero-divisor graph was introduced by Afkhami et al. [1], in
the context of commutative rings. Denoted by IV(R), the cozero-divisor graph of the
ring R is an undirected graph with a vertex set comprised of elements from the set
Z(R)'. Two distinct vertices x and y are connected by an edge in this graph if and
only if ¢ yR and y ¢ xR. For more in-depth information about the cozero-divisor
graph, reader can refer to the references provided, such as [2-5,7, 8], where one can
also find additional sources for further study.

In their work, Parveen et al. [6] computed the Laplacian eigenvalues of the graph
I"(Z,) for a specific case where n is expressed as n = p"1¢™2, with p and ¢ being
distinct prime numbers and n; and no being natural numbers. This article focuses on
extending their findings by exploring the Laplacian eigenvalues of the graphs I'(Z,)
for various values of n. Section 2 provides a review of essential concepts that are
employed to establish our primary results. In Section 3, we delve into the Laplacian

eigenvalues of I"(Z,,), specifically considering cases where n can be expressed as n =

42 gagz or n = ¢ ¢5 gs.

2. Preliminaries

We initiate our discourse with the following definition and a few established results.

DEFINITION 2.1. Consider a graph G(V, E) with vertex set {wy,ws,...,w;} of order
r. Let Wi (Vin, By ) represent a collection of disjoint graphs, each with an order of r,,,
where m ranges from 1 to r. The generalized join graph G[¥q, U, ..., ¥,,] is formed

by taking the graphs ¥q, ¥y,..., ¥, and each vertex of ¥,,, is connected to every
vertex of ¥,,, whenever there exists an adjacency between vertices w; and w; within
the original graph G.

To indicate that an integer ¢ divides m, we use the notation ¢|m and (s,m)
represents the greatest common divisor of s and m. An integer ¢ is a proper divisor
of m if and only if ¢ divides m for 1 < ¢ < m. The Fuler’s phi function, symbolized
as ¢(m), represents the number of positive integers less than or equal to m that are
relatively prime to m. We say that m can be expressed in a prime decomposition if
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it can be represented as m = ¢1*1¢2*2 - - - ¢/®, where q1,qo, ..., q are distinct prime
numbers and ki1, ks, ..., k; are positive integers.

Let y1,¥2, ...,y be the distinct proper divisors of n, consider the sets A,, , defined
as Ay, = {s € Z, : (s,n) = yr}. We observe that these sets, A,, and A, have no
common elements (A, N A, = ¢) when k is not equal to [. This observation leads
to an important implication, the sets A,,,A,,,..., Ay, are pairwise disjoint, and
collectively, they partition the vertex set of the graph I'V(Z, ), which can be denoted
by V(I'(Zy,)) = Ay, UAy, U---UA, . Parveen et. al. in [6, Lemma 3.3] used the
proper divisors set as 7(n) — 2, where 7(n) is the divisors set of n. Here, we write
proper divisors as y1, ya, . . ., ¥ and rewrite the [6, Lemma 3.3] as follows.

LEMMA 2.2 ([6, Lemma 3.3]). Let x € Ay, .,z € Ay,, where k,1 € {1,2,...,r}. Then
x ~ z inT'(Zy,) if and only if yi ty; and y; { yx.

Let y1,y2, .- .,y, be the distinct proper divisors of m and 2, be a simple graph
with vertex set y1,y2,...,y,. In this graph, two distinct vertices are considered ad-
jacent if and only if yx t y; and y; 1 yx. Now, if m can be expressed as its prime
decomposition, such as m = p;™'py"2 ---p,"", then the order of the graph €, is
determined as follows: |V ()| = [Ti—; (n; +1) — 2.

THEOREM 2.3 ([6, Theorem 4.1]). Let y1,ya,...,y, be the distinct proper divisors of
n. Then the Laplacian spectrum of T'(Z,) can be calculated as

oL (I'(Z0)) = ( U (M + (24,00 {0}))> oz (),

where I"(A,,) are 1y, regular graphs and Ny, + (aL(F’(Ayk)) \ {O}) represents that

Ny, is added to each element of the multiset (O'L(F/(Ayk)) \ {O}) and the matriz
Z(Qy) is given in (1).

3. Main results

In the results section, we will present the main findings of this paper. We consider the
proper divisors of the positive integer n, denoted by y1,v2,...,y,. Foreach 1 <t < r,

we assign a weight of ¢ (i) = |A,,| to the vertex y; in the graph €2,,. Define the

integer Ny, = > ;) Then the vertex weighted Laplacian matrix 2°(2,)
Yt GL/VQH (ys)
of Q,, is given by

s o(z) st
Yyt €N, (Ys)

n

F ) = 200 = 4 ) s#tand gy ~ g, in O,

(1)

Yt

0, otherwise.
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By [6, Corollary 3.4], I'"(A,, ) is isomorphic to F(ﬁ(ﬁ) for k € {1,2,...,r}. Hence,
based on Theorem 2.3, we can assert the existence of n — ¢(n) — 1 Laplacian eigen-
values for the graph I(Z,). Among these, the r Laplacian eigenvalues of I7(Z,,) are
determined by the roots of the characteristic polynomial of the matrix 2°(£2,), as
defined in (1) and n — ¢(n) — 1 — r are already known.

We present and prove the primary result of this paper, which provides the Lapla-
cian spectrum of the cozero-divisor graph associated with I (Zq? 2

q qs)'

THEOREM 3.1. Let Q1,Q2 are positive integers and q1,qe2,q3 are distinct primes.
Then the Laplacian spectrum of Fl(ZquqQ2q3) consists of the eigenvalues
1 2

Q-1 Q Q1-2 Q Q Q1 Qo-1
[N, ]?lar az?as)-L [N,2]%@ Papas)-1 [quQl]tb(qg *as)-1 [N, |#la ez as)-

2 .oy

[N Q2}¢(q?1q3)717 [quq2]¢(q?171q2@2’1q3)71’“.’ [N Q1 ](b(ququS)il, [N
q2

-1 -2
2]¢>(qu1 a5% % q5)-1
q7 " q2 q195

b

Q1-1 _ _ Q1-1 _Qo-1y Qa-1y
He] [NQ1Q§22]¢((11 9) 1""’ [Nq?quQ2]¢(qg) 17 [NQ1Q2¢13]¢((11 1 = o [Nq?1Q2Q3]¢(q2 ) 1’
Q1-1_Q2-2y Qp-1y_ _ Q1-1 Qo _
[NQIQ§QS]¢((]1 =) 1""’ [quzta]aW(ql ) 1’“"[NQ?1_1Q§2q3]¢(q1) 17 [NQ1Q3]¢(Q1 a") 17
Qa2 _ Qy Qo-1, Q1y_ Q1 Q2y_
«-~7[Nq1Q1’1q3]¢(q2 )-1 [ng%}cb(ql a?) 1".',[Nq§2q3]¢(q1 )-1 [Nq3]¢(q1 a5 )-1

The 2(Q1+1)(Q2+ 1) — 2 Laplacian eigenvalues of F’(Zq@quz qS) are precisely the
1 2

roots of the characteristic polynomial associated with the matriz presented in equa-
tion (1).

Proof. Let n = qulqghqg, where @1, Q2 are positive integers and ¢, g2, g3 are distinct
primes. The proper divisors of n are

Gy G O G2y 0B s 452 43, G103, 43 - 400 03, G203, G203, s 452 G35 412, G202, -y

0 4o, 103, By e 4GS s 105 RS o 00T 10203, 414203, s 47 4203,

1
Q@23 B2z, 0 G303, o 1057 43, 2052 43, - 4 S g5

We have the following adjacency relations by the definition of €2,,:

qi ~ qé, qs, q%qg for all 1, j, qil ~ q?qg for all i1 > 9,5 > 0,
@' ~ aqs, q*ddas, for all iy > ia, @ ~ dias, gs for all i, j,
@' ~ qiq} for all ji > ja,i >0, @~ a?as, diad s, for all ji > jo,
q’fq%l ~ qizqgQ if either i1 < 9,1 > jo or j1 < jo,i1 > i9,
46} ~ dias, qhas, qs for all i, j, ' @' ~ q}2qh* g either iy < iy or ja < ji,
diqs ~ q3qs for all i, j, @' g3 ~ q? gdgs for all iy > i,

@' gz ~ qiqd? g3 for all j; > jo,

i1 J1 iz J2

' %' g3 ~ 417 qx° g3 if either iy <iig, j1 > j2 or j1 < ja, i1 > da.
By result of [6, Lemma 3.6], we have
F’(Zq?1 3[F’(Aq1),F’(Aq%), e ,F’(Aq?l),F’(qu),F’(Aqg), e

=0
q;?"’qa) aP1qd?q
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F/(AqQZ),I‘ (Aq3)7F/(Aq1q2) T (Aq%(p), (A g ), . ,,7F,(Aqlq2Qg)
F/(Aq‘f’q;h )7 s 7F/<Aq?1q§2)7 FI(Alhqzqzs)ﬂ ( qlngg)

’ / ’
I (Aq?lqzqs)’ SRELy (Aqlqg‘)?qs)’r (AquQQq )y (Aq?“quQQqs)’
F/(A!hq:s)? F/(Aqfqg,)v s VF/(Aququ)v F/(qu%)v FI(Aq§q3)7 cey F/(ququS)}-

In view of [9, Proposition 2.1] and [6, Corollary 3.4] we obtain

F/(Afﬁ) - Kcﬁ(q?l*yqéhqs)’ FI(A‘?%%) - K¢(q?17yq§2)’ for 1 <y <@,
[(Agy) = Ktb(q?lq?r”qs)’ I(Agyes) = K¢(‘1?1‘1§22_y)’ for 1<y < Qs
Fl(Aqi’qg) = K¢(q?1*yq2@2*zq3)a for 1<y <@, 1<2<Q,
F/(Aqfngg) = Kd)(q?l*yq?Q’z)a for 1<y<@Q1—1, 1<2<Qq,
"(Ag) = K¢(q1quzQz)'
Also, the values of IV, are as follows
Q2
Ny =Y o(a? a5 Pas) + Zqﬁ 0215277 + o7 ¢57),
p=1
Q2
qu 7Z¢ Qz Pq +Z¢ Q2 p Z¢(q?1 1q2Q2 qu)
p=1
Qz
1 1
+> olg? TP + ola P + o a5),
p=1
' Q2 Q2 Q2
1
Noor =Y 6(d? a5 Pas) + ) dla7 ") + ) dlar a5 P as)
p=1 p=1 p=1
Q2 Q2 Q2
-2 1
+> A g Pas) o+ D (g Pas) + Y dlar g T)
p=1 p=1 p=1
Q2 Q1—1
++Z qlqu D _’_Z¢ Q1— sz +¢(Q?IQQQ2),
p=1
Q1 Q1
Ng, =Y 6(a? Pq52as) + > d(a "a5?) + ¢(a ¢5),
p=1 p=1
. Q1 Q1 Q1

Noar =Y (a7 a2 as) + Y dla Pas™) + D dla P45 as)

p=1 p=1 p=1



Nyygs Z¢ DGR q3) + > (a7 a8 Pas) + Y o
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Q1 Q1 Q1
+> 0(gP TP as) 4+ Y dlaR Paaas) + Y dlae Pe Y
p=1 p=1

p=1
Q1 Q2—1
+,,,+Z¢ le +Z¢q q2Q2P ¢(1 Q2)’
p=1
Q2 Q1
a2 Pq5?)
p=2 p=1

o
+> 667 a5 ) + ol 65),

+o+ Y d@g? ") + 6(q)

p=1

Q1
thqz Zd) Qi1—p Q2 +Z¢ Qz -p )_’_Zgb(qfh*pqg?z*lqg)
p*2
Ql Q1
1
+ > 0(gP g + ) o Pas?) +Z¢q 1452 7P) + ¢l
p=1

. Q1 Q1 Q1
=Z¢(q1Q1 Peas) + > o e gs) o+ > d(a P gaqs)
p=2

PP

D e ) + D blay

+ Z 3(g1 a5 F) + d(q 45),
Q2—1

. Q2 Q2
Z¢(q11 1q§22 p)+z¢<q11 2q§22 Py ... 4 Z ¢(q§22—p)

p=1 p=1
Q1 Q2

+6(q) + Y dla? T"ag?) + D ba a5 TF) + bl a5,
p=1

p=1

N a, o, =
Q11QQ2

1 2@2)7



N,

41492493

tq2q3

Q1<12 q3

¢I1 q2 Q3

N 1
Ql q§22q

N,

q193
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Q1

=> ola? e gs) +Z¢q g5 Pgs)

p=2
Q1
Jrz(b(q?l Pq2Q2 1 +Z¢ Q1— P Qz 2 3)

p=2
Q1 Q1 Q2
tob Y@ as) + ) dlar TTag) + ) dlartas ),

p=1 p=2 p=2

Z(bq q2QzP +Z¢ Q1— 1Q2 p3)+-~-+z¢(q§2_pq3)

Q2 Q2
+Z¢> @G Y pland ) + Y 9la2 @)

p=2 p=2

Z(b Q1 PQ2q3 +Z¢ Qz P +Z¢ Q1 :DQz 13)

Q1 Q1

+Z¢ P rad g o+ D 0a M)+ ) blaf e

p=1 p=2

+Z¢ Q1— ,’DQ2 +Z¢ Q1 Qz P)
p=2

p=3

Q2 Q2
Zqﬁ DGR qs) + > (a2 Pas) + o+ Y (a5 P as)
p=1 p=1
Q1 Q1
_ 1 _ _
+Z¢(q?l PaP ) > bla? ) + Y o(a Pas),

p=2 p=2 p=2

Q2 Q2

=¢(q5%as) + Y p(a5* Pas) + Y d(g5* ) + ¢(aF?),
p=1 p=1

Q1 Q2 Q2

= o(a7 Paas) + > b(a a5 Pas) + > bl T as)

p=2 p=1 p=1
Q2 Q2
o> 0 as) + > blaf S,

p=1 p=1

)
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Q Q: Q
N, =D 66765 Pas) + ) o(a? 76 Pas) -+ > b(a* Pas)
p=1 p=1 p=1
Q Q2
—1
+D 0P T 4 D (e )+ dla )
p=1 p=1 p=1
Q Q@
Nosgs =Y 00" Pq5%as) + Y o(a 45> Pas)
p=1 p=2
Q Q2
—1
+ > B T ) o+ Y b6 Pgs) + > dlat Pas?)
p=1 p=1 p=1
Q1 Q2 Q2
—1
Noos, = 0(a Pa5%as) + ) dla 7 a5 Pas) + o+ Y (a5 as)
p=1 p=1 p=1
Q1 Q1 Q1
—1
+ B P DY o ) + ) bla e,
p=1 p=1 p=1
Q1 Q2 Q1
1 - —1
Ny, =Y 6(a? Pa52as) + > ¢(a7 a5 Pas) + Y dla? PaF* " as)
p:l p=1 p=1

+Z¢ P Pgg 23)+~-+§1:¢(q1 g3).
By Theorem 2.3, the Laplacian spectrum of F’p(_Z1 91,92 ,,) 1s given by
oL (Zya92,.)) = (Nout (0T (4, ))\{0}))U(N +(oL (AN {0}) )
U U e+ (o0 (4,000 03) ) U (Nt (o007 (4, >>\{0}))U
U (N0 + (0T (4, ))\{0}))U(qu+(m<r’< )\0}))
U U@, +(aL (401 DO ) U (Mg (02 (4, 2\ {0}) )
U U (@, +(0L<r'<A @)\ ) U (Nasgza (00T (A qq%))\{O}))
U U1t (720 00 DO ) U (N gzt (027 (g 30,0\ 10))
U U (M0, (024, 22, O} ) U+
U (Nyo11,20,+ (02 (A 11,192, DVO}))
U (V1,00 + (0T (4,01 102\ {0}))
U (Mg + (o0 (4, >>\{0}))U-~-(nglq3+(aL<r’<Aqg1q3>>\{0}))



M. R. Mozumder, A. S. Alali, M. Rashid, A. I. A. Khan 9

U (Moo + (72 s DO ) U U (3,00, (0074 02, V(03
U(N +(aL(r'( ))\{0}))U (Z(2)).

The 2(Q1 + 1)(Q2 + 1) — 2 Laplacian eigenvalues of F’(Zq?1q§2q3) are precisely the
roots of the characteristic polynomial associated with the matrix 27(£2,,) presented in
equation (1). O

As a consequence of Theorem 3.1, the following result determines the Laplacian

spectrum of T (Zq@q2 )

COROLLARY 3.2. Let Q be a positive integer and q1,qs,q3 are distinct primes. Then
the Laplacian spectrum of T'(Z o ) is given by

4, 9293
y-1 d(aY Y qaqs)-1
Z [¢( Qw)+¢(q?qu)+¢(Q?wq3)} ,
Q (y+1) Y- Q B(af ¥ gs)-1
[ ¢(q}42q3) Z )+ Z ¢(QT612)} 7
w=0 =0 =
Q-(y+1) y-1 B(g? Y q2)-1
[ S(at a205)+ Y b7 ")+ Zcﬁ 4793 } :
w=0 =0
Q-(t+1) B¢ -1 Q-1 ¢(af?)-1
Z [ 0(a41'a243)+ (a1 a2)+ (a7 qs)} ; Z[qﬁ(fﬁ”qws)+¢(Qi"q2)+¢(q}”qs)} ,
=0 w=0
Q 1 Q b(qfas)-1 Q-1 Q B(qPq2)-1
|3 dlatman 3 dlata)| | sttt olate) |
w=0 x=0 w=0 x=0

where 1 <t < Q—1and1 <y < Q. The remaining 4Q + 2 Laplacian eigenvalues of

I"(Zq@q ) are the roots of the characteristic polynomial of the matriz (2).

Proof. Let n:q?ngg, where @ is a positive integer and ¢, g2, g3 are distinct primes.

The proper divisors of n are qi1, q%v Q%v cee 7q1Q71a Q1Q7 42,4192, Q%qQa sy Q?qQa q3,4143,

Bs, ., 0703, 4203, 010203, 34203, - - -, 4 ¢2q3. The adjacency relations for i=1,2, ..., Q
and j=0,1,2,...,@Q - 1 can be deduced from the definition of €,,.

g ~qlee, alas, qlazgs  foralli>j. dqz ~ @qaqs  for all i > j.
¢igz ~ 4lg3, 43, gaqs  foralli,j. g5 ~ g g3 for all i,
qiqz ~ ¢lqaqs  for all i > j.
By the [6, Lemma 3.6], we have

F(Zy000) = Lanas T (A0 T (A ) T (4,0). T (A0, T (Agy) T (A ) o T (A0,
F/(AQ3)7 Fl(Athqz)’ FI<Aqfq3) F/(Aqu3)7 F/(quqg)> Fl(Alhqzqz) (Aq%qzqg) (Aqiv_lqzqg,)}'

In view of [6, Corollary 3.4] and [9, Proposition 2.1], we obtain

T(Ag) = Ky vg00p T (Aqtan) = Ky2-vgey T'(Agras) = Kyg@ovgyy for1<y<o,
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T"(Ayrone) = K

q{ 9293 6(q®7Y) for1<y<@-1,
/ _ / 3 , B
(Aq,) = ¢(q?q3)’ I"(Ag,) = K¢(q?qz)7 ["(Agaqs) = K¢(q )

Also, the values of IV, are as follows
y-1

Ny => [¢(Q?w)+¢(q? 2)+o (g7 qs)],
w=0
-(y+1) y-1 Q
Z o(a1 (J2Q3)+Z¢(Q? > dlaie),
= 2=0
Q- (u+1) Q
Z P(a1’ 4203 +Z¢> )+ dlaigs),
z=0
Q—(y+1)
Netgs = 3. [¢><q1”q2q3>+¢<q1“q2>+¢<q1~q3>],
Qﬁ>0
Nowas =) [ 0(41'9293)+9 (a1 a2)+ (a7 %)}
w=0

,_.

Q
Z 341 g203)+ > _ (472,
w=0 =0

With the proper divisors labeled as mentioned, the matrix 2(
lowing form:

Q-1 Q
Ngy =Y 6(q'qeas)+ > d(atas).
w=0 =0

(2,,) takes on the fol-

[ Ny o 0 -(gPgs) - -0(qPq2) - -o(af?) - 0 ]

0o N -qb(q'?qs)-:.--fb(q'?m)~.--¢(:q1Q) 6a2)
(a7 qogs) -+ -B(a2q3)  Noy -+ -@(qPq2)--- 0 -0
L= 502 uas) - -blamz) 62+ N 0 o |- @
-¢(Q?:1q2q3)--1 -¢(q.2q3) 0 (:) Nq;qg R
o bem 0 ; 0 N,

The Laplacian spectrum of I'V(Z ¢

or(T'(Z

q1 9293

q; nge)
)

U (Nq?+<UL(FI(Aq?))\{0})> U (Nt (000 (g 0}))

U (NQZQ2

(e A\ 0}) ) U U (

N o +

91 92

(71T (4,2, {0}))

, as a consequence of Theorem 2.3, is given by

)= (Nt (oo A\ 0)) ) U (N (20 (a0 0}) ) U
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U (Naras+ (000 (g )V (0}) ) U+ U (Mg, (72T (A0, DN 0}))

U (Margsas+ (720 (Aasaa) )M} ) U+ U (Mgt gng (7 (T (A 211,00V O} ) )
U (Vo (4 >>\{0}))U( + (01T (4))\{0}))

U (Nazaat (2.0 (A0 DV0}) ) U (2 (20)).

The remaining 4(Q + 1) — 2 Laplacian eigenvalues of I'(Z ¢, .. ) are obtained from
1

the matrix Z(£2,,) given in (2). O

ExaMPLE 3.3. The Laplacian spectrum of the cozero-divisor graph I'(Zgp) consists
of eigenvalues

o(T"(Zeo)) = {01, 113,147,183 19", 217,247 26", 28" 323,9.360", 12.775",
14.6561,19.120%, 21.7061, 27.005', 28.437*, 36.2301, 37.7111}.

Let n = 22.3.5. The proper divisors of 30 are 2,3,4,5,6,10,12,15,20,30 and Qgp:
6~4~10~3~5~2~3~4~H~6~10~12~15~20~30~4~ 15~ 2
3~20~6~15~10,5~ 12~ 20, 30 ~ 12. By [6, Lemma 3.6], we have

I"(Zeo) = Qo[ (Az2),I"(As5),I"(A4),T"(45), I (A6), I (Aro),
I"(A12), I'(A15), T (Az0), I (Aso )]
In view of [6, Corollary 3.4] and [9, Proposition 2.1], we get

I'(Zeo) = Gro[Ks, K8, Kg, K4, K4, Ko, K4, K2, K2, K1].
1A11d7 the values of Nys are N2 = 14,N3 = 24,N4 = 21,N5 = 32,N5 = 18,N10 =
26, N1o = 11, N15 = 28, Nog = 19, N3g = 14. As a consequence of Theorem 2.3, The
Laplacian spectrum of IV (Zgo) consists of eigenvalues with their multiplicities

14 24 21 32 18 26 11 28 19
vy 7 7 3 3 1 3 1 1 [

Now the matrix Z(2,,) takes the following form:

14 -8 0 -4 0 0 O

-8 24 -8 -4 0 -2 0 0 -2 0
0 -8 21 -4 -4 -2 0

-8 -8 -8 32 -4 0 -4 0 0 O
0 0 -8 -4 18 -2 0 -2 -2 0
0 -8 -8 0 -4 26 -4 -2 0 0
0 0 o -4 0 -2 11 -2 -2 -1
-8 0 -8 0 -4 -2 -4 28 -2 0
0 -8 0 0O -4 0 -4 -2 19 -1
o 0 -8 0 0 0 -4 0 -2 14
The eigenvalues of the matrix 2 (o) given by (3) are 0, 9.360, 12.775, 14.656, 19.120,
91.706, 27.005, 28.437, 36.230, 37.711.
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4. Conclusion

Our findings provide the Laplacian spectrum of the cozero-divisor graph for integers
modulo n across various values of n, accomplished through the utilization of the gen-
eralized join graph of induced subgraphs. These results can be extended to determine
the Laplacian spectrum when n is expressed as n = p™¢Vr?, where M, N, and P
are positive integers, and p, ¢, and r are distinct prime numbers.
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