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Abstract. Consider a commutative ring R with an identity element 1 ̸= 0. The set
Z(R)′ is defined as the collection of all elements in the ring R that are non-zero and non
units. The undirected graph Γ′(R) with vertex set Z(R)′, known as the cozero-divisor graph
of R. In this graph, two distinct vertices, denoted by x and y, are connected by an edge
if and only if x is not an element of the ideal yR and y is not an element of the ideal xR.
In this article, we find the Laplacian eigenvalues of the graphs Γ′(Zn) for n = qQ1 q2q3 and
qQ1
1 qQ2

2 q3, where q1, q2, q3 are distinct primes and Q,Q1, Q2 are positive integers.

1. Introduction

In this article, unless specifically stated otherwise, we will use the symbol R to rep-
resent a commutative ring that possesses an identity element 1, where 1 is distinct
from 0. The notation wR signifies the ideal generated by an element w within the
ring R, defined as the set wR = {wa : a ∈ R}. The collection Z(R)′ represents the
set of elements in the ring R that are neither zero nor units.

Introducing the terminology used in graph theory, we denote the vertex set of
a graph G as V and its edge set as E, which allows us to represent the graph as
G = (V,E). The number of vertices within a graph G is referred to as its order, while
the number of edges in the same graph signifies its size. A complete graph with t
vertices is symbolized asKt, and its complement is denoted byKt. The neighbourhood
of a vertex v, denoted by NG(v), is defined as the set of vertices in graph G that are
adjacent to vertex v. The number of edges that are incident to a particular vertex
v ∈ V is represented by deg(v), which signifies the degree of that vertex. If, for every
vertex v, the degree deg(v) equals s, then we characterize the graph G as s-regular.

Now, consider any square matrix denoted by Q and let the distinct eigenvalues
of this matrix be ζ1, ζ2, . . . , ζt each with multiplicities µ1, µ2, . . . , µt respectively. We
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2 Spectrum of the cozero-divisor graph of the ring Zn

represent the spectrum of matrix Q as σ(Q) and it is defined as the set of these

distinct eigenvalues σ(Q) =

{
ζµ1

1 , ζµ2

2 , . . . , ζµt

t

}
. For a graph G, L(G) denotes the

Laplacian matrix of G and is defined as

L(G) = (lst) =


deg(ws), s = t,

−1, s ̸= t and ws ∼ wt,

0, otherwise.

A graph G is termed Laplacian integral if all of its Laplacian eigenvalues are integers.
The spectrum associated with the Laplacian matrix is referred to as the Laplacian
spectrum of the graph G and is denoted by σL(G).

The concept of the cozero-divisor graph was introduced by Afkhami et al. [1], in
the context of commutative rings. Denoted by Γ′(R), the cozero-divisor graph of the
ring R is an undirected graph with a vertex set comprised of elements from the set
Z(R)′. Two distinct vertices x and y are connected by an edge in this graph if and
only if x /∈ yR and y /∈ xR. For more in-depth information about the cozero-divisor
graph, reader can refer to the references provided, such as [2–5, 7, 8], where one can
also find additional sources for further study.

In their work, Parveen et al. [6] computed the Laplacian eigenvalues of the graph
Γ′(Zn) for a specific case where n is expressed as n = pn1qn2 , with p and q being
distinct prime numbers and n1 and n2 being natural numbers. This article focuses on
extending their findings by exploring the Laplacian eigenvalues of the graphs Γ′(Zn)
for various values of n. Section 2 provides a review of essential concepts that are
employed to establish our primary results. In Section 3, we delve into the Laplacian
eigenvalues of Γ′(Zn), specifically considering cases where n can be expressed as n =

qQ1 q2q3 or n = qQ1

1 qQ2

2 q3.

2. Preliminaries

We initiate our discourse with the following definition and a few established results.

Definition 2.1. Consider a graph G(V,E) with vertex set {w1, w2, . . . , wr} of order
r. Let Ψk(Vm, Em) represent a collection of disjoint graphs, each with an order of rm,
where m ranges from 1 to r. The generalized join graph G[Ψ1,Ψ2, . . . ,Ψm] is formed
by taking the graphs Ψ1,Ψ2, . . . ,Ψm and each vertex of Ψwi

is connected to every
vertex of Ψwj

whenever there exists an adjacency between vertices wi and wj within
the original graph G.

To indicate that an integer q divides m, we use the notation q|m and (s,m)
represents the greatest common divisor of s and m. An integer q is a proper divisor
of m if and only if q divides m for 1 < q < m. The Euler’s phi function, symbolized
as ϕ(m), represents the number of positive integers less than or equal to m that are
relatively prime to m. We say that m can be expressed in a prime decomposition if



M. R. Mozumder, A. S. Alali, M. Rashid, A. I. A. Khan 3

it can be represented as m = q1
k1q2

k2 · · · qlkl , where q1, q2, . . . , ql are distinct prime
numbers and k1, k2, . . . , kl are positive integers.

Let y1, y2, . . . , yr be the distinct proper divisors of n, consider the sets Ayk
, defined

as Ayk
= {s ∈ Zn : (s, n) = yk}. We observe that these sets, Ayk

and Ayl
have no

common elements (Ayk
∩ Ayl

= ϕ) when k is not equal to l. This observation leads
to an important implication, the sets Ay1 , Ay2 , . . . , Ayr are pairwise disjoint, and
collectively, they partition the vertex set of the graph Γ′(Zn), which can be denoted
by V (Γ′(Zn)) = Ay1

∪ Ay2
∪ · · · ∪ Ayr

. Parveen et. al. in [6, Lemma 3.3] used the
proper divisors set as τ(n) − 2, where τ(n) is the divisors set of n. Here, we write
proper divisors as y1, y2, . . . , yr and rewrite the [6, Lemma 3.3] as follows.

Lemma 2.2 ([6, Lemma 3.3]). Let x ∈ Ayk
, z ∈ Ayl

, where k, l ∈ {1, 2, . . . , r}. Then
x ∼ z in Γ′(Zn) if and only if yk ∤ yl and yl ∤ yk.

Let y1, y2, . . . , yr be the distinct proper divisors of m and Ωm be a simple graph
with vertex set y1, y2, . . . , yr. In this graph, two distinct vertices are considered ad-
jacent if and only if yk ∤ yl and yl ∤ yk. Now, if m can be expressed as its prime
decomposition, such as m = p1

n1p2
n2 · · · prnr , then the order of the graph Ωm is

determined as follows: |V (Ωm)| =
∏r

i=1 (ni + 1)− 2.

Theorem 2.3 ([6, Theorem 4.1]). Let y1, y2, . . . , yr be the distinct proper divisors of
n. Then the Laplacian spectrum of Γ′(Zn) can be calculated as

σL(Γ
′(Zn)) =

(
r⋃

k=1

(
Nyk

+
(
σL(Γ

′(Ayk
)) \ {0}

)))⋃
σ(Z (Ωn)),

where Γ′(Ayk
) are rk regular graphs and Nyk

+
(
σL(Γ

′(Ayk
)) \ {0}

)
represents that

Nyk
is added to each element of the multiset

(
σL(Γ

′(Ayk
)) \ {0}

)
and the matrix

Z (Ωn) is given in (1).

3. Main results

In the results section, we will present the main findings of this paper. We consider the
proper divisors of the positive integer n, denoted by y1, y2, . . . , yr. For each 1 ≤ t ≤ r,

we assign a weight of ϕ
(

n
yt

)
= |Ayt

| to the vertex yt in the graph Ωn. Define the

integer Nys
=

∑
yt∈NΩn (ys)

ϕ

(
n
yt

)
. Then the vertex weighted Laplacian matrix Z (Ωn)

of Ωn is given by

Z (Ωn) = zs,t =



∑
yt∈NΩn (ys)

ϕ

(
n
yt

)
, s = t,

−ϕ

(
n
yt

)
, s ̸= t and ys ∼ yt in Ωn,

0, otherwise.

(1)
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By [6, Corollary 3.4], Γ′(Ayk
) is isomorphic to Kϕ( n

yk
) for k ∈ {1, 2, . . . , r}. Hence,

based on Theorem 2.3, we can assert the existence of n − ϕ(n) − 1 Laplacian eigen-
values for the graph Γ′(Zn). Among these, the r Laplacian eigenvalues of Γ′(Zn) are
determined by the roots of the characteristic polynomial of the matrix Z (Ωn), as
defined in (1) and n− ϕ(n)− 1− r are already known.

We present and prove the primary result of this paper, which provides the Lapla-
cian spectrum of the cozero-divisor graph associated with Γ′(Z

qQ1 q
Q2
2 q3

).

Theorem 3.1. Let Q1, Q2 are positive integers and q1, q2, q3 are distinct primes.
Then the Laplacian spectrum of Γ′(Z

q
Q1
1 q

Q2
2 q3

) consists of the eigenvalues

[Nq1 ]
ϕ(q

Q191
1 q

Q2
2 q3)91, [Nq21

]ϕ(q
Q192
1 q

Q2
2 q3)91,..., [N

q
Q1
1

]ϕ(q
Q2
2 q3)91, [Nq2 ]

ϕ(q
Q1
1 q

Q291
2 q3)91,...,

[N
q
Q2
2

]ϕ(q
Q1
1 q3)91, [Nq1q2 ]

ϕ(q
Q191
1 q

Q291
2 q3)91,..., [N

q
Q1
1 q2

]ϕ(q
Q291
2 q3)91, [Nq1q22

]ϕ(q
Q191
1 q

Q292
2 q3)91,

..., [N
q1q

Q2
2

]ϕ(q
Q191
1 q3)91,..., [N

q
Q1
1 q

Q2
2

]ϕ(q3)91, [Nq1q2q3 ]
ϕ(q

Q191
1 q

Q291
2 )91,..., [N

q
Q1
1 q2q3

]ϕ(q
Q291
2 )91,

[Nq1q22q3
]ϕ(q

Q191
1 q

Q292
2 )91,..., [N

q1q
Q2
2 q3

]ϕ(q
Q191
1 )91,..., [N

q
Q191
1 q

Q2
2 q3

]ϕ(q1)91, [Nq1q3 ]
ϕ(q

Q191
1 q

Q2
2 )91,

..., [N
q
Q191
1 q3

]ϕ(q
Q2
2 )91, [Nq2q3 ]

ϕ(q
Q1
1 q

Q291
2 )91,..., [N

q
Q2
2 q3

]ϕ(q
Q1
1 )91, [Nq3 ]

ϕ(q
Q1
1 q

Q2
2 )91.

The 2(Q1+1)(Q2+1)−2 Laplacian eigenvalues of Γ′(Z
q
Q1
1 q

Q2
2 q3

) are precisely the

roots of the characteristic polynomial associated with the matrix presented in equa-
tion (1).

Proof. Let n = qQ1

1 qQ2

2 q3, where Q1, Q2 are positive integers and q1, q2, q3 are distinct
primes. The proper divisors of n are

q1, q
2
1 , ..., q

Q1

1 , q2, q
2
2 , ..., q

Q2

2 , q3, q1q3, q
2
1q3, ..., q

Q1

1 q3, q2q3, q
2
2q3, ..., q

Q2

2 q3, q1q2, q
2
1q2, ...,

qQ1

1 q2, q1q
2
2 , q

2
1q

2
2 , ..., q

Q1

1 q22 , ..., q1q
Q2

2 , q21q
Q2

2 , ..., qQ1

1 qQ2

2 , q1q2q3, q
2
1q2q3, ..., q

Q1

1 q2q3,

q1q
2
2q3, q

2
1q

2
2q3, ..., q

Q1

1 q22q3, ..., q1q
Q2

2 q3, q
2
1q

Q2

2 q3, ..., q
Q1−1
1 qQ2

2 q3.

We have the following adjacency relations by the definition of Ωn:

qi1 ∼ qj2, q3, qj2q3 for all i, j, qi11 ∼ qi21 qj2 for all i1 > i2, j > 0,

qi11 ∼ qi21 q3, qi21 qj2q3, for all i1 > i2, qj2 ∼ qi1q3, q3 for all i, j,

qj12 ∼ qi1q
j2
2 for all j1 > j2, i > 0, qj12 ∼ qj22 q3, qi1q

j2
2 q3, for all j1 > j2,

qi11 qj12 ∼ qi21 qj22 if either i1 < i2, j1 > j2 or j1 < j2, i1 > i2,

qi1q
j
2 ∼ qi1q3, qj2q3, q3 for all i, j, qi11 qj12 ∼ qi21 qj22 q3 either i2 < i1 or j2 < j1,

qi1q3 ∼ qj2q3 for all i, j, qi11 q3 ∼ qi21 qj2q3 for all i1 > i2,

qj12 q3 ∼ qi1q
j2
2 q3 for all j1 > j2,

qi11 qj12 q3 ∼ qi21 qj22 q3 if either i1 < i2, j1 > j2 or j1 < j2, i1 > i2.

By result of [6, Lemma 3.6], we have

Γ′(Z
q
Q1
1 q

Q2
2 q3

) = Ω
q
Q1
1 q

Q2
2 q3

[Γ′(Aq1),Γ
′(Aq21

), . . . ,Γ′(A
q
Q1
1

),Γ′(Aq2),Γ
′(Aq22

), . . . ,
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Γ′(A
q
Q2
2

),Γ′(Aq3),Γ
′(Aq1q2),Γ

′(Aq21q2
), . . . ,Γ′(A

q
Q1
1 q2

), . . . ,Γ′(A
q1q

Q2
2

),

Γ′(A
q21q

Q2
2

), . . . ,Γ′(A
q
Q1
1 q

Q2
2

),Γ′(Aq1q2q3),Γ
′(Aq21q2q3

), . . . ,

Γ′(A
q
Q1
1 q2q3

), . . . ,Γ′(A
q1q

Q2
2 q3

),Γ′(A
q21q

Q2
2 q3

), . . . ,Γ′(A
q
Q1−1
1 q

Q2
2 q3

),

Γ′(Aq1q3),Γ
′(Aq21q3

), . . . ,Γ′(A
q
Q1
1 q3

),Γ′(Aq2q3),Γ
′(Aq22q3

), . . . ,Γ′(A
q
Q2
2 q3

)].

In view of [9, Proposition 2.1] and [6, Corollary 3.4] we obtain

Γ′(Aqy1
) = K

ϕ(q
Q1−y
1 q

Q2
2 q3)

, Γ′(Aqy1 q3
) = K

ϕ(q
Q1−y
1 q

Q2
2 )

, for 1 ≤ y ≤ Q1,

Γ′(Aqy2
) = K

ϕ(q
Q1
1 q

Q2−y
2 q3)

, Γ′(Aqy2 q3
) = K

ϕ(q
Q1
1 q

Q2−y
2 )

, for 1 ≤ y ≤ Q2,

Γ′(Aqy1 q
z
2
) = K

ϕ(q
Q1−y
1 q

Q2−z
2 q3)

, for 1 ≤ y ≤ Q1, 1 ≤ z ≤ Q2,

Γ′(Aqy1 q
z
2q3

) = K
ϕ(q

Q1−y
1 q

Q2−z
2 )

, for 1 ≤ y ≤ Q1 − 1, 1 ≤ z ≤ Q2,

Γ′(Aq3) = K
ϕ(q

Q1
1 q

Q2
2 )

.

Also, the values of Nys
are as follows

Nq1 =

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

Nq21
=

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3)

+

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 ) + ϕ(qQ1−1
1 qQ2

2 ) + ϕ(qQ1

1 qQ2

2 ),

...

N
q
Q1
1

=

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3)

+

Q2∑
p=1

ϕ(qQ1−2
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=1

ϕ(q1q
Q2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 )

+ · · ·+
Q2∑
p=1

ϕ(q1q
Q2−p
2 ) +

Q1−1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) + ϕ(qQ1

1 qQ2

2 ),

Nq2 =

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) + ϕ(qQ1

1 qQ2

2 ),

...

N
q
Q2
2

=

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 q3)
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+

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−2

2 q3) + · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q2q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 )

+ · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q2) +

Q2−1∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

Nq1q2 =

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 )

+

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

...

N
q
Q1
1 q2

=

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 )

+

Q2∑
p=2

ϕ(qQ1−1
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=2

ϕ(q1q
Q2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 )

+ · · ·+
Q2∑
p=1

ϕ(q1q
Q2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

Nq1q22
=

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=3

ϕ(qQ1

1 qQ2−p
2 q3) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 q3)

+

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 ) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

...

N
q1q

Q2
2

=

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 q3) + · · ·+
Q1∑
p=2

ϕ(qQ1−p
1 q2q3)

+

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 ) + · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q2) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 )

+

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),

...

N
q
Q1
1 q

Q2
2

=

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 ) +

Q2∑
p=1

ϕ(qQ1−2
1 qQ2−p

2 ) + · · ·+
Q2−1∑
p=1

ϕ(qQ2−p
2 )

+ ϕ(q1) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ) + ϕ(qQ1

1 qQ2

2 ),
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Nq1q2q3 =

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 q3)

+

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−2

2 q3)

+ · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q3) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 ) +

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 ),

...

N
q
Q1
1 q2q3

=

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=2

ϕ(qQ1−1
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=2

ϕ(qQ2−p
2 q3)

+

Q2∑
p=2

ϕ(qQ1−1
1 qQ2−p

2 ) + · · ·+
Q2∑
p=2

ϕ(q1q
Q2−p
2 ) +

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 ),

Nq1q22q3
=

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=3

ϕ(qQ1

1 qQ2−p
2 q3) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 q3)

+

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−2

2 q3) + · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q3) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 )

+

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 ) +

Q2∑
p=3

ϕ(qQ1

1 qQ2−p
2 ),

...

N
q1q

Q2
2 q3

=

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=1

ϕ(qQ1−2
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=1

ϕ(qQ2−p
2 q3)

+

Q1∑
p=2

ϕ(qQ1−p
1 qQ2−1

2 ) + · · ·+
Q1∑
p=2

ϕ(qQ1−p
1 q2) +

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 ),

...

N
q
Q1−1
1 q

Q2
2 q3

=ϕ(qQ2

2 q3) +

Q2∑
p=1

ϕ(qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ2−p
2 ) + ϕ(qQ2

2 ),

Nq1q3 =

Q1∑
p=2

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3)

+ · · ·+
Q2∑
p=1

ϕ(qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ),

...
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N
q
Q1−1
1 q3

=

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=1

ϕ(qQ2−p
2 q3)

+

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 ) + · · ·+
Q2∑
p=1

ϕ(q1q
Q2−p
2 ) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 ),

Nq2q3 =

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=2

ϕ(qQ1

1 qQ2−p
2 q3)

+

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=1

ϕ(qQ2−p
2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ),

...

N
q
Q2
2 q3

=

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=1

ϕ(qQ1−1
1 qQ2−p

2 q3) + · · ·+
Q2∑
p=1

ϕ(qQ2−p
2 q3)

+

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 ) + · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q2) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 ),

Nq3 =

Q1∑
p=1

ϕ(qQ1−p
1 qQ2

2 q3) +

Q2∑
p=1

ϕ(qQ1

1 qQ2−p
2 q3) +

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−1

2 q3)

+

Q1∑
p=1

ϕ(qQ1−p
1 qQ2−2

2 q3) + · · ·+
Q1∑
p=1

ϕ(qQ1−p
1 q3).

By Theorem 2.3, the Laplacian spectrum of Γ′(Z
q
Q1
1 q

Q2
2 q3

)
is given by

σL(Γ
′(Z

q
Q1
1 q

Q2
2 q3

)) =
(
Nq1+

(
σL(Γ

′(Aq1))\{0}
))⋃(

Nq21
+
(
σL(Γ

′(Aq21
))\{0}

))
⋃

· · ·
⋃(

N
q
Q1
1

+
(
σL(Γ

′(A
q
Q1
1

))\{0}
))⋃(

Nq2+
(
σL(Γ

′(Aq2))\{0}
))⋃

· · ·⋃(
N

q
Q2
2

+
(
σL(Γ

′(A
q
Q2
2

))\{0}
))⋃(

Nq1q2+
(
σL(Γ

′(Aq1q2))\{0}
))

⋃
· · ·
⋃(

N
q
Q1
1 q2

+
(
σL(Γ

′(A
q
Q1
1 q2

))\{0}
))⋃(

Nq1q22
+
(
σL(Γ

′(Aq1q22
))\{0}

))
⋃

· · ·
⋃(

N
q1q

Q2
2

+
(
σL(Γ

′(A
q1q

Q2
2

))\{0}
))⋃(

Nq1q2q3+
(
σL(Γ

′(Aq1q2q3))\{0}
))

⋃
· · ·
⋃(

N
q
Q1
1 q2q3

+
(
σL(Γ

′(A
q
Q1
1 q2q3

))\{0}
))⋃(

Nq1q22q3
+
(
σL(Γ

′(Aq1q22q3
))\{0}

))
⋃

· · ·
⋃(

N
q1q

Q2
2 q3

+
(
σL(Γ

′(A
q1q

Q2
2 q3

))\{0}
))⋃

· · ·⋃(
N

q
Q1−1
1 q

Q2
2 q3

+
(
σL(Γ

′(A
q
Q1−1
1 q

Q2
2 q3

))\{0}
))

⋃(
N

q
Q1
1 q

Q2
2

+
(
σL(Γ

′(A
q
Q1
1 q

Q2
2

))\{0}
))

⋃(
Nq1q3+

(
σL(Γ

′(Aq1q3))\{0}
))⋃

· · ·
(
N

q
Q1
1 q3

+
(
σL(Γ

′(A
q
Q1
1 q3

))\{0}
))
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⋃(
Nq2q3+

(
σL(Γ

′(Aq2q3))\{0}
))⋃

· · ·
⋃(

N
q
Q2
2 q3

+
(
σL(Γ

′(A
q
Q2
2 q3

))\{0}
))

⋃(
Nq3+

(
σL(Γ

′(Aq3))\{0}
))⋃

σ(Z (Ωn)).

The 2(Q1 + 1)(Q2 + 1) − 2 Laplacian eigenvalues of Γ′(Z
q
Q1
1 q

Q2
2 q3

) are precisely the

roots of the characteristic polynomial associated with the matrix Z (Ωn) presented in
equation (1). □

As a consequence of Theorem 3.1, the following result determines the Laplacian
spectrum of Γ′(ZqQ1 q2q3

).

Corollary 3.2. Let Q be a positive integer and q1, q2, q3 are distinct primes. Then
the Laplacian spectrum of Γ′(ZqQ1 q2q3

) is given by

y91∑
w=0

[
ϕ(qQ9w

1 )+ϕ(qQ9w
1 q2)+ϕ(qQ9w

1 q3)

]ϕ(qQ9y
1 q2q3)91

,

[Q9(y+1)∑
w=0

ϕ(qw1 q2q3)+

y91∑
x=0

ϕ(qQ9x
1 )+

Q∑
z=0

ϕ(qz1q2)

]ϕ(qQ9y
1 q3)91

,

[Q9(y+1)∑
w=0

ϕ(qw1 q2q3)+

y91∑
x=0

ϕ(qQ9x
1 )+

Q∑
z=0

ϕ(qz1q3)

]ϕ(qQ9y
1 q2)91

,

Q9(t+1)∑
w=0

[
ϕ(qw1 q2q3)+ϕ(qw1 q2)+ϕ(qw1 q3)

]ϕ(qQ9t
1 )91

,

Q91∑
w=0

[
ϕ(qw1 q2q3)+ϕ(qw1 q2)+ϕ(qw1 q3)

]ϕ(qQ1 )91

,

[ Q91∑
w=0

ϕ(qw1 q2q3)+

Q∑
x=0

ϕ(qx1 q2)

]ϕ(qQ1 q3)91

,

[ Q91∑
w=0

ϕ(qw1 q2q3)+

Q∑
x=0

ϕ(qx1 q3)

]ϕ(qQ1 q2)91

,

where 1 ≤ t ≤ Q− 1 and 1 ≤ y ≤ Q. The remaining 4Q+ 2 Laplacian eigenvalues of
Γ′(ZqQ1 q2q3

) are the roots of the characteristic polynomial of the matrix (2).

Proof. Let n=qQ1 q2q3, where Q is a positive integer and q1, q2, q3 are distinct primes.

The proper divisors of n are q1, q
2
1 , q

3
1 , . . . , q

Q91
1 , qQ1 , q2, q1q2, q

2
1q2, . . . , q

Q
1 q2, q3, q1q3,

q21q3, . . . , q
Q
1 q3, q2q3, q1q2q3, q

2
1q2q3, . . . , q

Q91
1 q2q3. The adjacency relations for i=1, 2, ..., Q

and j=0, 1, 2, ..., Q 9 1 can be deduced from the definition of Ωn.

qi1 ∼ qj1q2, qj1q3, qj1q2q3 for all i > j. qi1q2 ∼ qj1q2q3 for all i > j.

qi1q2 ∼ qj1q3, q3, q2q3 for all i, j. qi1q3 ∼ q2, q2q3 for all i.

qi1q3 ∼ qj1q2q3 for all i > j.

By the [6, Lemma 3.6], we have

Γ′(ZqQ1 q2q3
) = ΩqQ1 q2q3

[Γ′(Aq1),Γ
′(Aq21

), ...,Γ′(AqQ1
),Γ′(Aq2),Γ

′(Aq1q2),Γ
′(Aq21q2

), ...,Γ′(AqQ1 q2
),

Γ′(Aq3),Γ
′(Aq1q3),Γ

′(Aq21q3
), ...,Γ′(AqQ1 q3

),Γ′(Aq2q3),Γ
′(Aq1q2q3),Γ

′(Aq21q2q3
), ...,Γ′(AqN−1

1 q2q3
)].

In view of [6, Corollary 3.4] and [9, Proposition 2.1], we obtain

Γ′(Aqy1
) = Kϕ(qQ−y

1 q2q3)
, Γ′(Aqy1 q2

) = Kϕ(qQ−y
1 q3)

, Γ′(Aqy1 q3
) = Kϕ(qQ−y

1 q2)
for 1 ≤ y ≤ Q,
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Γ′(Aqy1 q2q3
) = Kϕ(qQ−y

1 ) for 1 ≤ y ≤ Q− 1,

Γ′(Aq2) = Kϕ(qQ1 q3)
, Γ′(Aq3) = Kϕ(qQ1 q2)

, Γ′(Aq2q3) = Kϕ(qQ1 ).

Also, the values of Nys
are as follows

Nqy1
=

y91∑
w=0

[
ϕ(qQ9w

1 )+ϕ(qQ9w
1 q2)+ϕ(qQ9w

1 q3)

]
,

Nqy1 q2
=

Q9(y+1)∑
w=0

ϕ(qw1 q2q3)+

y91∑
x=0

ϕ(qQ9x
1 )+

Q∑
z=0

ϕ(qz1q2),

Nqy1 q3
=

Q9(y+1)∑
w=0

ϕ(qw1 q2q3)+

y91∑
x=0

ϕ(qQ9x
1 )+

Q∑
z=0

ϕ(qz1q3),

Nqy1 q2q3
=

Q9(y+1)∑
w=0

[
ϕ(qw1 q2q3)+ϕ(qw1 q2)+ϕ(qw1 q3)

]
,

Nq2q3 =

Q91∑
w=0

[
ϕ(qw1 q2q3)+ϕ(qw1 q2)+ϕ(qw1 q3)

]
,

Nq2 =

Q91∑
w=0

ϕ(qw1 q2q3)+

Q∑
x=0

ϕ(qx1 q2), Nq3 =

Q91∑
w=0

ϕ(qw1 q2q3)+

Q∑
x=0

ϕ(qx1 q3).

With the proper divisors labeled as mentioned, the matrix Z (Ωn) takes on the fol-
lowing form:

Z (Ωn)=



Nq1 · · · 0 9ϕ(qQ1 q3) · · · 9ϕ(qQ1 q2) · · · 9ϕ(qQ1 ) · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

0 · · · N
q
Q
1

9ϕ(qQ1 q3) · · · 9ϕ(qQ1 q2) · · · 9ϕ(qQ1 ) · · · 9ϕ(qQ91
1 )

9ϕ(qQ91
1 q2q3) · · · 9ϕ(q2q3) Nq2 · · · 9ϕ(qQ1 q2) · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

9ϕ(qQ91
1 q2q3) · · · 9ϕ(q2q3) 9ϕ(qQ1 q3) · · · Nq3 · · · 0 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...

9ϕ(qQ91
1 q2q3) · · · 9ϕ(q2q3) 0 · · · 0 · · · Nq2q3 · · · 0
...

. . .
...

...
. . .

...
. . .

...
. . .

...
0 · · · 9ϕ(q2q3) 0 · · · 0 · · · 0 · · ·N

q
(Q91)
1 q2q3



. (2)

The Laplacian spectrum of Γ′(ZqQ1 q2q3
), as a consequence of Theorem 2.3, is given by

σL(Γ
′(ZqQ1 q2q3

)) =
(
Nq1+

(
σL(Γ

′(Aq1))\{0}
))⋃(

Nq21
+
(
σL(Γ

′(Aq21
))\{0}

))⋃
· · ·⋃(

NqQ1
+
(
σL(Γ

′(AqQ1
))\{0}

))⋃(
Nq1q2+

(
σL(Γ

′(Aq1q2))\{0}
))

⋃(
Nq21q2

+
(
σL(Γ

′(Aq21q2
))\{0}

))⋃
· · ·
⋃(

NqQ1 q2
+
(
σL(Γ

′(AqQ1 q2
))\{0}

))
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⋃(
Nq1q3+

(
σL(Γ

′(Aq1q3))\{0}
))⋃

· · ·
⋃(

NqQ1 q3
+
(
σL(Γ

′(AqQ1 q3
))\{0}

))
⋃(

Nq1q2q3+
(
σL(Γ

′(Aq1q2q3))\{0}
))⋃

· · ·
⋃(

NqQ91
1 q2q3

+
(
σL(Γ

′(AqQ91
1 q2q3

))\{0}
))

⋃(
Nq2+

(
σL(Γ

′(Aq2))\{0}
))⋃(

Nq3+
(
σL(Γ

′(Aq3))\{0}
))

⋃(
Nq2q3+

(
σL(Γ

′(Aq2q3))\{0}
))⋃

σ(Z (Ωn)).

The remaining 4(Q + 1) − 2 Laplacian eigenvalues of Γ′(ZqQ1 q2q3
) are obtained from

the matrix Z (Ωn) given in (2). □

Example 3.3. The Laplacian spectrum of the cozero-divisor graph Γ′(Z60) consists
of eigenvalues

σ(Γ′(Z60)) =

{
01, 113, 147, 183, 191, 217, 247, 261, 281, 323, 9.3601, 12.7751,

14.6561, 19.1201, 21.7061, 27.0051, 28.4371, 36.2301, 37.7111
}
.

Let n = 22.3.5. The proper divisors of 30 are 2, 3, 4, 5, 6, 10, 12, 15, 20, 30 and Ω60:
6 ∼ 4 ∼ 10 ∼ 3 ∼ 5 ∼ 2 ∼ 3 ∼ 4 ∼ 5 ∼ 6 ∼ 10 ∼ 12 ∼ 15 ∼ 20 ∼ 30 ∼ 4 ∼ 15 ∼ 2,
3 ∼ 20 ∼ 6 ∼ 15 ∼ 10, 5 ∼ 12 ∼ 20, 30 ∼ 12. By [6, Lemma 3.6], we have

Γ′(Z60) = Ω60[Γ
′(A2),Γ

′(A3),Γ
′(A4),Γ

′(A5),Γ
′(A6),Γ

′(A10),

Γ′(A12),Γ
′(A15),Γ

′(A20),Γ
′(A30)].

In view of [6, Corollary 3.4] and [9, Proposition 2.1], we get

Γ′(Z60) = G10[K8,K8,K8,K4,K4,K2,K4,K2,K2,K1].

And, the values of Nys are N2 = 14, N3 = 24, N4 = 21, N5 = 32, N6 = 18, N10 =
26, N12 = 11, N15 = 28, N20 = 19, N30 = 14. As a consequence of Theorem 2.3, The
Laplacian spectrum of Γ′(Z60) consists of eigenvalues with their multiplicities{

14 24 21 32 18 26 11 28 19
7 7 7 3 3 1 3 1 1

}
.

Now the matrix Z (Ωn) takes the following form:

Z (Ω60) =



14 −8 0 −4 0 0 0 −2 0 0
−8 24 −8 −4 0 −2 0 0 −2 0
0 −8 21 −4 −4 −2 0 −2 0 −1
−8 −8 −8 32 −4 0 −4 0 0 0
0 0 −8 −4 18 −2 0 −2 −2 0
0 −8 −8 0 −4 26 −4 −2 0 0
0 0 0 −4 0 −2 11 −2 −2 −1
−8 0 −8 0 −4 −2 −4 28 −2 0
0 −8 0 0 −4 0 −4 −2 19 −1
0 0 −8 0 0 0 −4 0 −2 14


. (3)

The eigenvalues of the matrix Z (Ω60) given by (3) are 0, 9.360, 12.775, 14.656, 19.120,
21.706, 27.005, 28.437, 36.230, 37.711.
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4. Conclusion

Our findings provide the Laplacian spectrum of the cozero-divisor graph for integers
modulo n across various values of n, accomplished through the utilization of the gen-
eralized join graph of induced subgraphs. These results can be extended to determine
the Laplacian spectrum when n is expressed as n = pMqNrP , where M , N , and P
are positive integers, and p, q, and r are distinct prime numbers.

Acknowledgement. The authors are thankful to the anonymous referees for
their valuable comments and suggestions which helped us to improve the submitted
version of the article.
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