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ON A NONLOCAL SINGULAR MIXED EVOLUTION PROBLEM
Said Mesloub and Nadia Lekrine

Abstract. In the present paper, the existence and uniqueness of the strong solution of a
mixed problem for a second order plurihyperbolic equation with an integral condition is proved.
The proof is essentially based on an a priori bound and on the density of the range of the operator
generated by the considered problem. In spite of the apparant simplicity of the problem, the
solution requires a delicate set of techniques. It seems very difficult to extend these technics to
the considered equation in more than one dimension without imposing complementary conditions.

1. Statement of the problem

In the region @ = (0,a) x (0,T1) x (0,T3), with a < 0o, T1 < 00 and T < oo,
we consider the one dimensional hyperbolic equation

1
Ly = Viyty — ; (im)z)z = F(l‘,tl,tg), (1)

The equation (1) is supplemented by boundary and initial conditions

lv =v(x,0,t2) = ¢1(x, ta), (z,t2) € Q2 = (0,a) x (0,T>), (2)
loyv = v(z,t1,0) = ¢2(x, 1), (z,t1) € @1 = (0,a) x (0,T1), (3)
ve(a,ty,ta) = ®(t1,ts), (t1,t2) € (0,T1) x (0,T3), (4)
2v(x,t1,t0) de = U(ty,ta), (t1,t2) € (0,T1) x (0,T3). (5)

0

where ¢1(x,t2), ¢a(x,t1), ®(t1,t2), U(t1,t2) and F(x,t1,t2) are given functions.
The data functions have to satisfy the following compatibility conditions:

% = ®(0,t2), /0 21 (2, ts) dr = ¥(0,t2),
7] a
% = ®(ty,0), /0 x¢2(x,t1) dx = ¥(t1,0),

and ¢1(z,0) = ¢a(x,0).
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In the early sixties Cannon [6] has proved by means of an integral equation
(Potential method), the existence and uniqueness of the solution for a mixed prob-
lem combining a classical condition (Dirichlet condition) and an integral one for
the homogeneous equation. One year later Kamynin [10] has generalized the re-
sults of Cannon by using a system of integral equations (Potential method). The
importance of mixed problems with integral conditions has been also pointed out
by Samarskii [14]. Problem (1)—(5), can be viewed as a non-local problem for a
plurihyperbolic equation (with the Bessel operator). A similar problem for which
a homogeneous Dirichlet condition and the linear constraint foa v(z,t)dx = 0 are
combined, has been investigated by Benouar and Yurchuk [1]. In their papers [2],
[3], [4] and [5], the authors considered hyperbolic and parabolic equations having
the operator (a(z,t)v,), instead of the Bessel operator considered in equation (1).
For some mixed problems for second order parabolic equations which combine clas-
sical and integral conditions the reader should refer to Cannon-van der Hoek [7],
[8], Cannon-Esteva-van der Hoek [9], Kartynik [11], Shi [15], Yurchuk [16] and
Mesloub-Bouziani [13]. In this paper, the existence and uniqueness of a strong
solution of problem (1)—(5) is proved by means of an energy estimate and a density
argument.

In point of view of the used method, it is preferable to transform the nonho-
mogeneous conditions to homogeneous ones. If we set:

U((L’,tl,tg) = U((If,tl,tz) - w(x,tl,tg),

where
4d(x — a)? 12(x — a)?
w(.’IJ,tl,t2> = (.’E - %) - @(tl,tz) + % . ‘I’(tl,tg),

then problem (1)—(5), becomes
Lu:F(x,tl,tg)—Ew:f(x,tl,tg), (6)
bu=u(x,0,t2) = ¢1(z,t2) — lLrw = p1(x, ta), (7)
€2u:u(x,t1,0) = ¢2($,t1)_£2w:¢2(x7t1)7 (8)
uz(aatlatQ) = 07 (9)
/ zu(z,ty,t2)dx =0 (10)

0

We now introduce the appropriate function spaces needed for the investigation
of the posed problem. Let L2(Q) be the weighted L*-space with finite norm

||u||22 =/ ru? dz dt,
? Q

t = (t1,t2), dt = dt1dts. The scalar product in L3(Q) is defined by (u,v)r2 =
(zu,v)p2. Let V,)0(Qy), V"' (Q1), and V' (Q2), @ = 1,2 be the Hilbert spaces
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with scalar products respectively
(UJU)VPI'O(QZ-) = (uﬂv)Lg(Qi) + (uzavz)L%(Qi)a 1=1,2,
(w,0)y11(g,) = (U, 0)13(@r) + (Uazs V2)12(@1) + (Utys Ve ) 12(@u),s
(uvv)vpl‘l(QQ) = (U’U>L§(Q2) + (umvvr)Lﬁ(Qz) + (utzvvtz)Lg(Qz)v
and with associated norms
2 2 2 )
lullyrog, = 1ullzzgy + luallzz @y, = 1.2,
2 2 2 2
lullyrr g, = ||u||Lg(Q1) + ||Uz||L§(Q1) + ||Ut1||Lg(Q1) ;
2 2 2 2
lullyrq,) = ||u||Lg(Q2) + ||Uz||L§(Q2) + ||Ut2||L§(Q2) .

The given problem (6)—(10) can be considered as the resolution of the operator
equation

Lu = (Lu, byu, bou) = (f,1,92) = F,
where L is an operator defined on E into F', and E is the Banach space of functions
u € L2(Q), satisfying conditions (9) and (10), with the finite norm

lully = sup  (HuCy 7)) + 19 (Eun (s ) iaqn))

ST25 12

. 12 & . ANIE
+ s (I M gy + 19 (€ (71, D2 ) -

where S5 (Eu) = [ Eu(€, t1,t2) d€, and F is the Hilbert space L2(Q)x V,'(Q2) X
V.1(Q1), which consists of elements F = (f, @1, p2) with finite norm
2 2 2 2
IFIE = lorliZ21 g0 + o2l 2200, + 11 gy -
Let D(L) be the set of all functions w € L?(Q) for which us,, us,, Ut,t,, Uz, Uze,
Uzt,, Uz, € L2(Q) and satisfying conditions (9) and (10).
2. A priori bound and its consequences

THEOREM 2.1. For any function uw € D(L), there exists a positive constant c
independent of the solution u such that

lullp < cllLullp - (11)

Proof. Taking the scalar product in L2(Q7) of equation (6) and the integro-
differential operator

Mu = x(utl + utz) - x%i(guh + gutz)a
where Q™ = (0,a) x (0,71) x (0,72) and 32h = fozf(f h(¢,t1,t2) d¢ dE, we obtain
(ut1t27ut1 + th)L?,(QT) - (utltzvgi(guh + gutz))L’%(Q‘r)

= (uey + Uty (TU2), ) 207 + (8% (Eus, + Eug,), (Tus),)r2(gr)
= (Lu, Mu) 2. (12)
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The successive integration by parts of integrals on the left-hand side of (12) are
straightforward but somewhat tedious. We only give their results

(utltgvuh + Utz)Lg(Q") =

1 ) ”
= 5 /Q;_1 x(utl(m7t177_2))2 dmdtl — 5/%11 m( atf) d dtl

1 1 7]
+§/ng m(th(x,Tl,tz))zdxdt1—§/ w(p ) dudts, (13)

— (wtyta, S5 (Euty + Eusy))12(qm) =

1 9
/T (S (us, (2, t1,7))? da dtr — —/ (3.(6922))" ddiy
Q7! QT t1

N | =

2

1 ) .
+ §/Q;2(%z(§ut2(x7717t2))2 dl’dtQ - 5/;2(\5‘ (6 at2 )) dx dt2’ (14)

- (ut1 + Uiy, (xux)z)LQ(QT) =
1 9 1 0p1 |9
= 2/Q;2 2(ug(x,71,t2))" dx dto — 2/ x( aw) dx dta

1

1 2 8902
+§/QP 2t (2, t1,72)) dxdt1—§/Q o2 drdt, (15)

((\\yi(gutl + §Ut2)7 (wuw)z)Lz(Q") =
_ / 1 (S (Etg, ) + S (Eug, ) dar dty dts. (16)
First observe that

2
2 a 2
I8eulFggry < G lullZaggr (17)

then by making use of (13)—(17), the Cauchy e-inequality af < ea?/2 +6?/2¢, and
the identity (12), we obtain

1 2 1 2 1 2
5 llwe (1, m2) 2 7y + 5 llwea (5 715 82) 2 72 + 5 Iz (-5 b1, )2 @7y

1 ) 1 ) 1 )
+ ||uz<-,n,t2>||L2(Q;2)+— 19 (€t 11, ) a0y + 5 ||%z<5ut2<-,n,t2>>||Lz(Q;z>

9 41 |9 |? K

H P1 (a + = H_QDZ H P2 +0/||Uz||i2(Q7)

9t Lz(Qz Ot || r2(q) L2(Q) ,

Op

H 1 S uelZaary + 2 lueBagry + 2 1€l g
L’(Q)

1 ad 1

3
a
+ (5 7 —-) ”gw(guh)”iz(Q") + (5 + Z) ”(‘\yw(guw)“iz(QT) - (18)
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Consider the elementary inequalities:
15 t2)ll 730z < llull; + flues I + el (19)
T E2)lL2(Qz%) = MWLz (@r) ™ MWallLz(@ry T I1¥11L2(Qs) »
2 2 2 2
||“("t1772)||Lg(Q;1) < ||U||L3(Qr) + ||Utz||Lg(Qr) + ||<P2||L3(Q1) . (20)
Adding side to side inequalities (18)—(20), we obtain
2 2 2
||Ut1('7t177'2)||Lg(QII) + ”utz('77—17t2)“L%(Q'2’2) + ”uz('atlvTZ)“L%(QIl)
2 2 2
+ ||“m('771=t2)||Lg(Q;2) + 1192 (§ury (- t1, 72)) |72 gr1y + 1982 (§usy (- 71, 82)) |72 g2
2 2
+ “u('?Tl?t?)”L%(Q;Q) + ”u('atlv’l—?)”Lg(Q'{l)
2 2 2 2 2
<k {”901“\/;-1(@2) + lle2llyrr g, + ||£U||L2(Q7) + ||u||Lg(QT) + llue, ||L§(QT)
2 2 2 2
s B gry + el gy + 190 (€0 Baggry + 190 (€urs) Bagn } - (21)

where

3 4

a a

k= 20, 4, 1+ —, 1+ —>.
max{a +2 +2}

Now, to eliminate the last six terms on the right-hand side of (21), we use the fol-
lowing lemma which can be proved in the same fashion as in lemma 7.1 from [12]. m

LEMMA 2.2. If fi(71,72), fo(71,72) and f3(71,T2) are nonnegative functions on

the rectangle (0,T1) X (0,T2), f1(m1,72) and fo(m1,72) are integrable, and f3(71,72)
18 nondecreasing in each of its variables separately, then it follows from

/ / fl(Tl,TQ)dtl dt2+f2(T1,T2)
0 0

< C/OT1 fa(ty, ) dty + 0/072 fa(m1,t2) dta + f3(m1,72)
that
/Oﬁ/oﬂ fi(m1,72) dty dts + fo(r1,m) < exp(2e(ry + 72)) - f3(m1,72).
Then (21) takes the form

2 2
lus b1 72) vy + 18 (€ue, (ot ) 2a(op)
2 2
+ ”u('?Tl’tQ)“Vpl'l(Q;’Z) + ||sm(£ut2(.7Tl’tQ))”Lz(Q;'Q)

2 2 2
< keF(T1HT2) {”901”\/0171(@2) + llezllyrr g,y + ||£U||Lg(Qf)} .

Since the right-hand side of the above inequality is independent of (11,72), we can
take the least upper bound of the left side with respect to (11,72) from [0,T1) and
[0, Ty) respectively, we get the desired estimate (11) with ¢ = v/keMT1+72)/2,
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We shall now prove that the operator L admits a closure. For this we must
either show that it follows from a well known theorem in the theory of unbouded
operators that the operator L* adjoint to L is defined in a dense set, or else verify
directly the following assertion: If u,, € D(L) is a sequence such that

Up — 0 in the norm of E, (22)
and
Lu, = F = (f,¢1,92) in the norm of F, (23)

then f =0, o1 =0, 3 =0.
Since (22) holds, then

Up — 0 in D'(Q), (24)

n—oo

where D'(Q) is the space of distributions on Q. By virtue of the continuity of
derivation of D'(Q) in D'(Q), (24) implies that

Lu, — 0 in D'(Q). (25)
But since

Luy, — f  in L3(Q), (26)
then

Ly, — f in D'(Q). (27)

From the uniqueness of the limit in the space D'(Q), we conclude that f = 0.
According to (23), we have
glun — ¥ in ‘/;)171(622)7 (28)
and by the fact that the canonical injection from V,}'*(Q2) into D'(Q2) is continu-

ous, (28) implies
ﬁlun — 1 in DI(QQ) (29)

n— 00

Moreover, since (22) holds and

Wrtnllyzsg < lualls Vo (30)
we have
lun — 0 in VIHQ2). (31)
Hence
ﬁlun — 0 in DI(Q2> (32)

By virtue of the uniqueness of the limit in D'(Q3), we conclude from (29) and (32),
that ¢; = 0. In the same fashion, we can show that s = 0.
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Let L be the closure of the operator L with domain of definition D(L).
DEFINITION 2.1. A solution of the operator equation
Lu=7F,
is called the strong solution of the problem (6)—(10).

By passing to the limit, the estimate (11) can be extended to strong solutions,
that is we have the inequality

lullg < c|Lu|, Yu € D(L). (33)
Hence

COROLLARY 2.3. If a strong solution of (6)-(10) ewists, it is unique and
depends continuously on elements F = (f,p1,p2) € F.

COROLLARY 2.4. The range R(L) of the operator L is closed in F and R(L) =
R(L).

Hence, to prove that a strong solution of problem (6)—(10) exists for any ele-
ment (f, 1, ¢2) € F, it remains to prove that R(L) = F.

3. Solvability of the posed problem
THEOREM 3.1. If, for some function w € L?(Q) and for all uw € D(L) verifying
l1u = lou = 0, we have
/ Ly -wdzdt =0, (34)
Q

dt = dty dty, then w vanishes almost everywhere in the domain Q.

Proof. Relation (34) holds for any function w in D(L) such that ;u = lyu = 0,
so it can be expressed in a particular form. Consider the function g;; defined by

T;
gij(thtg,.’ﬂ) = / wi]‘ d’Ti7 27] = 1,2.
t

i

Let 8%u/8t;0t; be the solution of the equation

z pg
62u/8ti8tj — / / (62u/6t,«6tj dé- df = Gij (tl,tz,.’L') (35)

0 Jo

and let

‘e SO 2 iy drydry, s <t < T, o (36)

From the above relations, we have

2 2 2 o ot
w=3 Nwy=-3 (82u/6ti8tj — [ ¢ corufotion, dgdg) . (37)
i=1j7=1 i=1j7=1 ti
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LEMMA 3.2. The function w defined by (37) is in L?(Q).
Proof. The proof can be derived as in [2]. m

To continue the proof of Theorem 3.1, replacing w in (34) by its representation
(37), we have
2 2

= (Utsta) Zlutltltj)Lg(Q) + (Uirts 21 32 (€utyere;)) (@)
J= J=

2 2
+ ((xum>zv Zl ut1t1tj)L2(Q) - ((xuz)z, Z (‘}Z(gutltlt]’))LQ(Q)
j:
2

2
- (utltzv El Utytat; )L?,(Q) + (ut1t27 Zl gi(gutztztj>)Lf,(Q)
1= J=

o

+ ((Zue)a, | lutztztj)LZ(Q) — ((@uz)z, 30 S2(Eusstar;)) L2(@) = 0. (38)

J= 1

J
Using conditions (9), (10), the particular form of u given by the relations (35), (36)
and then integrating by parts each term of (38), we get

2 1 X
—(utyt,, ]; Utytqt; )Lﬁ(Q) = D) llweye, (1, T2)”L§(Qil) ) (39)
where Q! = (0,a) x (s1,T1),

2 1 9

(“htzv El gi(gutltltj))lz?,(@) = 5 ||Sz(£ut1t1 (xvthT?))”L?(Q};l) ) (40)
]:
2 1 9

((muﬁ)wngl utltltj)Lz(Q) = 5 ||uxt1 ('/L'?tlvT?)”Lg(Q}‘l) ) (41)

2
—((zuc)s, Zl%z(futltltj))m(cz) = =(Uaty, So(§utyt,))2(Q.)—
iz

—(tatys o (§uty ) £2(Qu) + (BUe (2,11, T2), So (§uyr, (2,81, T2))) L2(q1, )
(42)
where Qs = (O,Cl) X (81,T1) X (SQ,TQ),

_(ut1t27]§:1 Utytat;)12(Q) = % llweats ($7T17t2)||i%(Q§2) ; (43)
where Q2, = (0,a) x (s, T),
(ug S (Gutsoe, 2@ = 5 196 (€. Th o)) s (44)
2 1 2
((MZ)Z’J; Utatat;)12(Q) = 5 [Uata (2 Thst2) 7202 - (45)

2
—((zuz)o, Elgg(é-utzﬁtj))LQ(Q) = —(Uaty, S2(€usyt))12(Q0) —
]:

_(uztu(‘\yw(guww))L%(Qs) + (zue (2, T1, t2), S (Etgye, (4, T, t2)))Lg(Q§2)~
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Combining equalities (38)—(46), we get

1
oo tl,T2>||L2(Q1 3 el 0T o)
||uzt1($ t17T2)||L2(Q1 )T 3 ||“tzt2(x T17t2)||L2(Q2 )

5 Mets (@71, ) s + 5 19 €uana(r T3, 1)) s,
= (Uaty, S (§Ut1t1 ))Lf,(Qs) + (Uaty, Sz (§Ut1t1 ))L,Z,(Qs) + (Uzty, Sz (§Utyt, ))Lf,(Qs)
+ (et Se(Ettgye, ))L%(QS) — (zug(z,Th,t2), Su(Euiys, (2, T1, t2)))L,2,(Q§2)
_(.’Euz(l’,tl,TQ),%z(é/lltltl(x,tl,TQ)))L’Z)(Qil). (47)
We now estimate the terms on the right hand side of (47). We have

(uz:tl?%(l?(gutltl))Lg(Qs) “uwtlllLZ(Q ) + 5 ”‘ym(guhtl)”[,2 Q.)" (48)
(umt27%m(£ut2t2))L?,(Qs) ||ut2E||L2(Q ) + 5 I|‘y$(§ut2t2)”L2 Q.)" (49)
(umt27§$(£utltl))Lg(Qs) ||ut2E||L2(Q ) + 5 ”‘yz(guhtl)”[,? Q.) (50)
(umt17§$(£ut2t2))Lg(Qs) “utla:”LZ(Q ) + 5 I|‘y$(§ut2t2)”L2 Q.) (51)

— (zue(z,t1,To), S (§uty ey ($,t1,T2)))L2(Q1 )

< allus(z, t1, T)l2q1 ) + 5 19 (Gunyn o, t,To))llzqr - (52)
Consider the elementary inequality
2 2 2
a ||uz($vtlvT2)||Lg(le) <a ||Uz||L3(Q,,) + allusr, ||Lg(Q3) : (53)

Applying the Poincare-Friedriks inequality to the first term on the right-hand side
of (53), then (52) becomes

- (J?Uw(.’L', t1, T2)7 %z(guhh (‘Tv t1, T2)))L%(Q§1)

1
<(aa+a) ”uZtl”i%(Qs) + 7 8= (§unn ($at17T2))||2Lz(Q§1) - (54)
We also have
- (xuz(x7 T17t2)7 %Z(gutgtz (x7T17t2)))L2(Q§ )

1
< (e2a+ ) [uers gy + 7 19 (Etts (2 T ) gy (55)
Combining the equality (47), the estimates (48) (51), (54) and (55), we obtain
2 2
||ut1t1 ('T’ t1, TQ)HL%(Q}H) + ”(‘}T(é.utltl (iL', t1, T2))“L2(Q§1)
2 2
+ ||Uzt1($atlaT2)||Lg(le) + [[weyt, (vaht?)”L’%(ng)
s, T2 gy + 195 €utes (T 1) g,

2 2 2 2
C{”Uztl ”L%(QS) + 1S (§uy e ) 720,y + ”utzz”L%(Qs) + ||$z(§ut2tz)||L2(Qses} a)
6
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where
¢ = max {8a + 4c1a, 8a+ 4caa, 4}.

It results from (56) that

2 2
”utlh(w7t17T2)”L%(Q}31) + 152 (et ($7t17T2))||L2(Qg1)
2 2
+lluae, (2,80, T[22 01 ) + leana (@, Trs 82) 7202 )
2 2
F l[uwts (@, Trs t2)ll2 g2 ) + 18w (utars (1, T 22)) 22 ) <0, (57)

thanks to Gronwall’s lemma 2.2. Hence (57) implies that w = 0 almost everywhere
on ). This achieves the proof of Theorem 3.1. m

THEOREM 3.3. The range R(L) of the operator L coincides with F.
Proof. Suppose that, for some W = (w,wy,ws) € R(L)*,

(Eu,w)L%(Q) + (Zlu,wl)vﬂl,o(%) + (zz’u,,’wg)vpl,o(Ql) =0. (58)

We must prove that W = 0.

Let
Dy(L)y={u€eDL): lhu=Llu=0}

Putting w € Do(L) in (58), we get (Lu,w)Lg(Q) =0, u € Dy(L). Hence, by virtue
of Theorem 3.1 it follows that w = 0. Thus (58) becomes

(élu,wl)vﬂl,l(%) + (égu,wg)v;,l(Ql) =0. (59)

l1u, and lyu are independent, and the ranges of the operators ¢; and ¢ are every-
where dense in the spaces V' (Q2), and V,'*(Q1), respectively. Hence the equality
(59) implies that w; = we = 0. Consequently W = 0. This ends the proof of
Theorem 3.3. m
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