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BOUNDEDNESS IN TOPOLOGICAL SPACES

Giuseppe Di Maio! and Ljubisa D. R. Koéinac?

Abstract. We investigate abstract boundedness in a topological space and demonstrate
the importance of this notion in selection principles theory. Some applications to function spaces
and hyperspaces are given. This approach sheds more light on several results scattered in the
literature.

1. Introduction

The notion of abstract boundedness in a topological space was introduced and
studied by S.T. Hu in 1949 [9]. A modified version of his notion is a useful tool in
investigation of different hyperspace topologies, including the Hausdorff-Bourbaki,
Attouch-Wets, bounded (proximal) Vietoris and Wijsman topology (see [20, p. 53],
[6]). For instance, in [6] it was shown that the boundedness in a metric space
generated by closed balls is a powerful device for investigation of the Wijsman
hyperspace topology and offers deeper and simpler proofs without epsilonetics.

A family B of nonempty closed subsets of a space X is said to be an ab-
stract boundedness, or simply boundedness, if it is closed for finite unions, closed
hereditary and contains all singletons. The families CL(X), F(X) and K(X) of
all nonempty closed, all nonempty finite and all nonempty compact subsets of a
Hausdorff topological space X, the family of all (totally) bounded subsets of a
metric or uniform space are examples of boundedness. But there are other impor-
tant examples of boundedness: the family of closed countably compact (Lindeldf,
Cech-complete, zero-dimensional, meager, nowhere dense, topologically bounded)
subsets of a space.

If B is a boundedness in a space X and U is an open cover of X, then U is said to
be a B-cover if each B € B is contained in an element of ¢ and X ¢ U. (Therefore,
we have X ¢ B and X is infinite.) In particular, F(X)-covers are called w-covers.
U is called a ~y-cover [8] (yg-cover) if it is infinite and each x € X (each B € B) is
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not contained in at most finitely many elements of /. For a given boundedness B
in a space denote by Op (T, I'g) the collection of all B-covers (y-covers, vyg-covers),
while Q is the collection of w-covers of the space. Observe that each infinite subset
of a y-cover (yg-cover) is still a y-cover (yg-cover). So, we may suppose that such
covers are countable. Each set from B is contained in infinitely many elements of
a B-cover of the space.

In this paper B will be a fixed boundedness in a space X. We consider on-
ly Hausdorff spaces in which each B-cover contains a countable B-subcover; such
spaces are called B-Lindeldf. F(X)-Lindelof spaces are called w-Lindeldf.

Our approach allows us to unify and extend many results that appear in the
literature (see, for example, [2, 3, 4, 5, 12, 16, 21]).

2. Notation and terminology

We use the usual topological notation and terminology, mainly as in [7]. We
also need notation concerning selection principles, games and partition relations
(see [10, 14, 15, 17, 18, 19, 22, 25, 26]).

Let A and B be collections whose elements are families of subsets of an infinite
set X. Then:

1. ([11, 24]) S1(A, B) denotes the selection principle:

e For each sequence (A,, : n € N) of elements of A there is a sequence (b, : n € N)
such that for each n € N, b, € A,, and {b, : n € N} € B.

2. ([11, 24]) Syin(A, B) denotes the selection hypothesis:

e For each sequence (A4, : n € N) of elements of A there is a sequence (B, :
n € N) of finite (not necessarily non-empty) sets such that for each n € N,
B, C A, and |J,,cy By is an element of B.

3. The symbol G; (A, B) [24] denotes an infinitely long game for two players,
ONE and TWO, which play a round for each positive integer. In the n-th round
ONE chooses a set A,, € A, and TWO responds by choosing an element b,, € A,,.
TWO wins a play (A1, by; - -5 Ap, by --+) if {b, : n € N} € B; otherwise, ONE

wins.

Recall that a strategy of a player is a function o from the set of all finite
sequences of moves of player’s opponent into the set of legal moves of the strategy
owner.

n
m

4. [24] For positive integers n and m the ordinary partition symbol A — (B)
denotes the statement:

e For each A € A and for each function f : [A]” — {1,--- ,m} there are a set
BCA,BeB,and ani € {1,---,m} such that for each Y € [B]", f(V) =i.
Here [A]™ denotes the set of n-element subsets of A. We call f a “coloring”

and say that “B is homogeneous of color ¢ for f”.

5. [16] The symbol «a;(A, B), i = 2,3,4, denotes the following selection hy-
pothesis:
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For each sequence (A, : n € N) of infinite elements of A there is an element
B € B such that:

e as(A, B): for each n € N the set A,, N B is infinite;
e a3(A, B): for infinitely many n € N the set 4,, N B is infinite;
e ay(A, B): for infinitely many n € N the set 4,, N B is nonempty.

3. General results on boundedness

In this section we consider boundedness in an arbitrary Hausdorff topological
space. Let us begin with a result whose proof is quite similar to the proofs of
Theorem 1.1 in [11] or Theorem 5 in [13].

PROPOSITION 3.1. For a space X the following are equivalent:
(1) X satisfies Syin(Og,T);
(2) X satisfies S1(Op,T).

THEOREM 3.2. For a B-Lindeldf space X the following are equivalent:
1) X satisfies ao(Op,T');
2) X satisfies az(Op,T);
3) X satisfies ay(Og,T);
4) X satisfies S1(Op,T);
5) ONE has no winning strategy in the game G1(Og,T');
6) For alln,m € N, X satisfies Op — (I')7,.

m

(
(
(
(
(
(

Proof. (3) = (4): Let (U, : n € N) be a sequence of B-covers of X. Assume
that for each n € N we have U,, = {Up,m : m € N}. For every n € N define

Vo ={Uim, N NUpm, :n<mg <mg <---<my,i <n}\ {0}

Then each V), is a B-cover of X. By (3) and the fact that each infinite subset of a
~-cover is also a y-cover, there is an increasing sequence ny < ns < --- in N and a
~v-cover V = {V,,. : i € N} such that for each i € N, V,,, € V,,.. Let for each i € N,

Vni = U17m1 N---N Uni’mni, 7 < n;.

Put ng = 0. For each ¢ > 0 and each n with n; < n < n;4; let W, be the n-th

coordinate in the representation of V,,, ;:

Wn =

My

For each n € N, W,, € U,, and the set W := {W,, : n € N} is a y-cover of X.
Therefore, X satisfies S1(Op, T).

(4) = (5): Let o be a strategy for ONE in G;(Og,I") and let the first move of
ONE be a B-cover o(0) = {Ug), Uy, -+, Uy, -+ }. Suppose that for each finite
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sequence s of natural numbers of length at most m, U, has been already defined.
Then define {Ugy, ... n,..k) : k € N} to be the set

J(U(nl)v U(nl,nz)v o »U(n1,~~ ,nm)) \ {U(nl)a U(nl,ng)a Tty U(nl,w 7nm)}~
Because each set from B belongs to infinitely many elements of a B-cover, we
have that for each s a finite sequence of natural numbers, the set {Us ) : n €
N} is a B-cover. Apply (4) and for each s choose n, € N such that {U,—(,,) :
s a finite sequence of natural numbers} is a y-cover of X. Then inductively define
a sequence ny = ng, k41 = N(n,,... n,), 108 k > 1. Then

U(nl)a U(nl,ng)a Ty U(nl,-u ng)y T
is a y-cover of X. Since it is actually a sequence of moves of TWO in a play of the
game G1(Op,T'), o is not a winning strategy for ONE.

(5) = (6): It follows from [18, Th. 1] because Op is a persistent family in
terminology of [18].

(6) = (4): Let (U, : n € N) be a sequence of countable B-covers of X and
suppose that for each n, U,, = {Upm : m € N}. Consider the set V of all nonempty
sets of the form Uy, N Up.k, n, k& € N. It is understood that V is a B-cover of X.
Define f: [V]? — {1,2} by

1, if ny = na,
f({Ul;m n Um;ka Ul;nz n Unz;m}) = {

As Op — ()% is satisfied there are j € {1,2} and a collection H C V, H € T,
homogeneous for f of color j. Consider two possibilities:

(i) j = 1: Then there is some n such that H C Uy, for each H € H. But,
this means that H is not a y-cover of X and we have a contradiction; so, this case
is impossible.

2, otherwise.

(ii) j = 2: For each H € H choose, whenever it is possible, Uy, to be the
second coordinate in the chosen representation of H; otherwise let Uy, be an
arbitrary element in U,,. Let G be the set of all U, 1, ’s chosen in this way. Then G
is a y-cover of X witnessing for (U, : n € N) that X satisfies S1(Op,I').

(5) = (1): Let (U, : n € N) be a sequence of B-covers of X and let for each
n €N, U, = {Upm : m € N}. Define the following strategy o for ONE. In the
first round ONE plays o(f) = U;. Assuming that the set Uim,, € U is TWO’s
response, ONE plays o(Uy m, ) = V(1,m;,) = {Urm : m > m;, }, still a B-cover of
X. If TWO chooses a set Uy m,, € V(1,m;,), then ONE plays o(Ur,m,, ,U1m,,) =
V(1,m;,) = {U1,m : m > my, }; this set is still a B-cover of X. Then TWO chooses
a set Ui m,, € cr(Ul,mi1 s Ut ). And so on. (By this procedure we actually form
a sequence of B-covers from each U, and apply (5) to these new B-covers.)

Since o is not a winning strategy for ONE, there is a o-play

U(®)7 (]1,777,1'1 ; (J—([jl,mi1 )7 U-l,m,;2 3 O—(Ul,mil ) le,n’bi2 )» U'l,mi3 Yot

lost by ONE. That means that the sequence V consisting of TWO’s moves is a -
cover of X. Of course, it contains infinitely many elements from each U,,, n € N, and
thus V witnesses for the original sequence (U, : n € N) that X satisfies a(Op,T). m
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In a quite similar way one proves the following theorem.

THEOREM 3.3. For a B-Lindeldf space X the following are equivalent:
1) X satisfies as(Op,T'p);
2) X satisfies as3(Op,'p);
3) X satisfies ay(Op,T'p);
) )
)
)

4) X satisfies S1(Op, I'p
5) ONE has no winning strategy in the game G1(Op,I'p);
6) For alln,m € N, X satisfies Op — (I'p),.

)

(
(
(
(
(
(

We also have the following result.

THEOREM 3.4. For a space X the following statements are equivalent:
X satisfies as(I'g, I’

(1) (T, T);
(2) X satisfies as(I'p,T');
(3) X satisfies as(I',T")
(4)
(5)

4) X satisfies S1(I'p,T');

5) ONE has no winning strategy in the game G1(T'g,T) on X.

Proof. We must prove (3) = (4) = (5) = (1).

(3) = (4): Let (U, : n € N) be a sequence of yg-covers of X, and U,, = {U,, , :
m € N}. For all n,m € N define

Vom =Utm N0z NN Up -

Then for each n the set V,, = {V,,,,, : m € N} is a vg-cover of X. By (3) applied
to the sequence (V,, : n € N) there is an increasing sequence n; < ng < --- in
N and a v-cover V = {V,,, mm, : ¢ € N} such that for each i € N, V,, 1. € Vp,.
Let ng = 0. For each i > 0, each j with n; < j < n;41 and each V,
U17mi+1 n---nN Um+17mi+1 put

i+1,Mi+1

Wj = Uj’m

itl”
For each j € N, W; € U; and the set {W, : j € N} belongs to I'. Therefore, X
satisfies S1(I's, I').

(4) = (5): Let o be a strategy for ONE in G;(I'g,I"). Let the first move of
ONE be o(0) = {Uq), U2y, -+ , Uy, -+~ }, a ys-cover of X. Suppose that for each
finite sequence s of natural numbers of length < m, U, has been defined. Define
now {Un, ... n, k) - k € N} as the set

U(U(nl)v U(nl,n2)7 e >U(n1,--~ ,nm)) \ {U(nl)a U(’I’Ll,nz)) ) U(nl,m ,nm)}-

Clearly, we have that for each finite sequence s of natural numbers, the set
{Us~(n) : n € N} is a yg-cover of X. By (4) for each s we may choose n, € N such
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that {Us~(n,) : s a finite sequence of natural numbers} is a y-cover of X. Define
inductively the sequence ny = ng, ngy1 = n(pn, ... ny), for £ > 1. Then the sequence

Uniys Umnina)s 2 Uiy i)

of moves of TWO is in fact a «-cover of X which shows that ¢ is not a winning
strategy for ONE in the game G;(I'p, T').

(5) = (1): Let (U, : n € N) be a sequence of yg-covers of X; suppose
U, = {Upm : m € N}, n € N. A strategy o for ONE will be defined in this
way. ONE’s first move is o(@) = U;. Let Uim;, € U be TWOQO'’s response.
Then ONE looks at the ~g-cover V(1,m;,) = {Uim @ m > m; } and plays
o(Utm;,) = V(1,m;,). If TWO takes a set Ui m,, € V(1,m;,), then ONE plays
o(ULmil,Ume) = V(1,mi,) = {Uim : m > my,}, still a yg-cover of X. TWO
chooses a set U1,m,~,3 € U(ULW1 s Utm, ), and so on as in the proof of Theorem 3.2.

o is not a winning strategy for ONE, so that there exists a o-play
U(@), (]l,’rni1 5 U(Ul,mil )7 U].,m,i2 ) O’((]l,’n’u1 ) U17mi2 )) Ul;mi3 Yo

lost by ONE. In other words, TWO’s moves Ul}mi17U1’mi27U1’mi37~-~ form a se-
quence which is a y-cover of X and, obviously, it contains infinitely many elements
from each U,,, n € N. So, that sequence shows that (1) holds. m

Similarly one proves the following theorem.

THEOREM 3.5. For a space X the following statements are equivalent:
(1) X satisfies aa(Tp,T'p);
(2) X satisfies as(T'p,I'p);
(3) X satisfies ay(I'p,I'p);
(4) );
(5)

X satisfies S1(T's, I'p
ONE has no winning strategy in the game G1(T's,I'p) played on X.

)

We omit the proof of the following statement.

THEOREM 3.6. For a space X and n,k € N the following are equivalent:
(1) S1(Og,OB);
(2) X satisfies O — (Og)7.

We shall consider now another class of spaces.
The symbol Uy, (I'g, Og) denotes the selection principle:
e For each sequence (U, : n € N) of yg-covers of X there is a sequence (V,, : n €

N) such that each V, is a finite subset of U, and either {UV,, : n € N} is a
B-cover for X, or for some n € N, X =UV,.

An open cover U of a space X is said to be large if each point of X belongs to
infinitely many elements of . A countable large cover U of X is B-weakly groupable
if there is a partition of U into infinitely many finite, pairwise disjoint subsets U,,
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such that each B € B is contained in U, for some n € N. Let AB~%9P denote the
family of B-weakly groupable large covers of a space.

THEOREM 3.7. For a space X the following assertions are equivalent:
(1) X has property Uy, (I's, Og);
(2) X has property S pin (I, AB~w9P);
(3) For each sequence (Uy, : n € N) of yg-covers of X there is a sequence (Vp, : n €

N) such that for each n € N, V,, is a finite subset of U, Vy,’s are pairwise disjoint
and for each B € B there exists some n € N with B C UV,.

Proof. (1) = (2): Let (U, : n € N) be a sequence of vg-covers of X. Because
each infinite subset of a yp-cover is also a yg-cover one can suppose that U,,’s are
pairwise disjoint. Moreover, without loss of generality, we may assume that for
each n € N, no finite subset of U, is a cover of X.

Apply (1) to find a sequence (V,, : n € N) of finite sets such that for each
n €N, V, CU, and {UV, : n € N} is a B-cover of X. This implies that J, oy Vn is
a large cover of X, while its partition {V, : n € N} shows that |, .y V» is in fact
B-weakly groupable.

(2) = (3): Let (U, : n € N) be a sequence of (countable) yg—covers of X.
As in (1) = (2) one can suppose that U,’s are pairwise disjoint. For n € N let
Uy, = {Up,m : m € N}. Define new ~yg-covers V,,, n € N, as follows:

neN

Vn={U1,mﬂU2,mﬂ---ﬂUn7m:mEN}\{Q)}.

We again may suppose that V,,, N V,, = 0 for n; # ns.

Apply (2) to the sequence (V,, : n € N) and choose a sequence (W,, : n € N) of
finite sets such that for each n € N, W,, C V,, (so W,,’s are pairwise disjoint) and
Unen Wh is a B-weakly groupable large cover of X. This means that (J, ey Wh =

nen Sn, where S,,’s are finite, pairwise disjoint and each B € B is contained in
US,, for some n € N.

Because sets W,, and S,, are finite, there are p € N such that Wy NS, = 0 for
q > p. Let p; be the smallest such natural number. Define 7; to be the set of all
Ui,m such that Uy, is a term in the above representation of a member of S, for
some ¢ < p;. Let po > p; be the minimal natural number such that Wo NS, = 0
whenever ¢ > py. Let 75 be the set of all Uy, such that Us,, is a term in the
representation of an element of S, for some ¢ < ps. And so on.

The obtained sequence (7, : n € N) is such that for each n € N 7, is a finite
subset of U,,, and thus 7,,, N7, = 0 for ny # ny. We are going to prove that the
sequence (7, : n € N) witnesses that (3) is satisfied.

Let B € B. There is n € N with B C US,,. Choose the smallest k& such that
n < pg. Then Wy U---UWg_1) NS, = 0. Tt follows that each element S in S,
has in its representation a set of the form Uy ; (note that such elements are in 7y)
and therefore we have US,, C U7y It follows B C U7 which means that (3) holds.

(3) = (1): It is clear by the definition of U, (I's, Og). ®
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4. Boundedness and function spaces

All spaces in this section are assumed to be Tychonoff. For a boundedness B
in a space X, by C,(X) we denote the space of continuous real-valued functions on
X in the topology whose basic open sets are of the form

W(B1,...,BpiVi,..., V) :={f e C(X): f(B) CViyi=1,...,n},

where By,...,B, € B and V;...,V, are open in R. For a function f € Cp(X), a
set B € B and a positive real number € we let

W(f;B;e) :={g € G(X) : [g(x) — f(x)| <&, Va € B}.

The standard local base of a point f € Cy(X) consists of the sets W(f; B;¢), where
B is a set from B and ¢ is a positive real number.

The symbol 0 denotes the constantly zero function in C,(X). The space Cy(X)
is homogeneous so that we may consider the point 0 when studying local properties
of Cb(X)

For a space X and a point # € X the symbol €2, denotes the set {A C X\ {z} :
x € A}

A space X has countable fan tightness if for each € X we have that
Stin(Qz, Q) holds. X has countable strong fan tightness if for each z € X the
selection principle Sy (€2, €2,.) holds.

THEOREM 4.1. If a Tychonoff space X has property S1(Og, Op), then Cy(X)
has countable strong fan tightness.

Proof. Let (A, : n € N) be a sequence of subsets of Cyp(X) the closures of
which contain 0. Fix n. For every B € B the neighborhood W = W(0; B; 1/n) of 0
intersects A, so that there exists a function fp, € A, such that |fp ,(z)] < 1/n
for each z € B. Since fp, is a continuous function there are neighborhoods O,,
x € B, such that for U ,, = J,c 5Oz O B we have fp »(Upn) C (—1/n,1/n). Let
U, ={Upn : B € B}. For each n € N, U, is a B-cover of X. Applying that X is an
S1(Og, Op)-set, choose Ug,, », € Uy, n € N, such that {Ug, , : n € N} is a B-cover
of X. Look at the corresponding functions fg, » in A,.

Let us show 0 € {fp, »n :n € N}. Let W = W(0;C;¢), C € B, be a neighbor-
hood of 0 in Cp(X) and let m be a natural number such that 1/m < e. Since C' € B
there is j € N, j > m such that one can find a Up, ; with C' C Up, ;. We have

fBj7j(C) - fBj;j(UBj7j) - (_1/j7 1/]) - (_1/m?1/m) C (_675)7

ie. fp,;€EW.m

In a similar way one proves the following theorem.

THEOREM 4.2. If a Tychonoff space X has property S (Og, Og), then Cy(X)
has countable fan tightness.
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Let us point out that for some boundedness the converses of Theorems 4.1 and
4.2 are also true (see, for example, [23, 1, 12]). But we have not yet investigated
other significant cases for which the converse holds.

Recall now the following definition. A space X has countable T-tightness if for
each uncountable regular cardinal p and each increasing sequence (A, : a < p) of
closed subsets of X, the set U{A, : o < p} is closed.

THEOREM 4.3. If a Tychonoff space X satisfies the condition

(x) for each uncountable regular cardinal p and each increasing sequence (U, : a <
p) of families of open subsets of X such that .. Uy is a B-cover of X there
is a B < p so that Ug is a B-cover of X,

then Cy(X) has countable T-tightness.

a<p

Proof. Let (Aq : o < p) be an increasing sequence of closed subsets of Cy(X),

with p a regular uncountable cardinal. We shall prove that the set A := ], o A,
is closed. Let f € A. For each n € N and each set B € B the neighborhood

W(f;B;1/n) of f intersects A. Put

Uno ={(f —9)" (=1/n,1/n) : g € Aa}

and
U = | Una
a<p
Let us check that for each n € N, U,, is a B-cover of X. Let B be a set from B.
The neighborhood W := W(f; B;1/n) of f intersects A, i.e. there is g € A such
that |f(x) — g(z)| < 1/n for all x € B; this means B C (f —g) (—1/n,1/n) € U,.

By (x) there is U,, 3, C U,, which is a B-cover of X. Put 8y = sup{3, : n € N}.
Since p is a regular uncountable cardinal, 5y < p. It is easy to verify that for each
n the set Uy, g, is a B-cover of X. Let us show that f € Ag,. Take a neighborhood
W(f;C;¢e), C € B, of f and let m be a positive integer such that 1/m < e. Since
U, 3, is a B-cover of X one can find g € Ag, such that C C (f —g)~ (—1/m,1/m).
Then g € W(f;C;1/m) N Ag, C W(f;C;e) N Ag,, i.e. f € Ag, = Ag, and thus
f €A So, Aisclosed. m

A space X is called a selectively strictly A-space [21] if for each sequence (A, :
n € N) of subsets of X and each point z € X such that z € A, \ A, for each
n € N, there is a sequence (C,, : n € N), where for each n C,, C A4,, and = €

Unen Cn \ Unen Cn-

Let us say that a space X has property Sg(X) if for each sequence (U, : n € N)
of B-covers of X there is a sequence (V,, : n € N) such that V,, C U, for each n, no
V, is a B-cover of X, and UnEN V,, is a B-cover for X.

THEOREM 4.4. If a Tychonoff space X has the property Sg(X), then Cy(X)
is a selectively strictly A-space.
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Proof. Let (A, : n € N) be a sequence of subsets of C;(X) with 0 € 4, \ 4,
n € N. For each n € N let

U, ={f"(-1/n,1/n): f € A,}.

It is easy to see that for each n, U, is a B-cover of X.

Case 1: X € U, for infinitely many n.

Then there exist an increasing sequence nqy < no < --- < ni < ... in N and
I, € Ay, k €N, such that fr (=1/ng,1/ng) = X. Put Cp, = {fn,}, ¥ €N, and
Cn =0 for n#ng, k€ N. Then 0 € |, Cn \ UneNCin.

Case 2: X € U, for finitely many n.

Without loss of generality one may suppose that X ¢ U,, for each n. Using
the fact that X has property Sp(X), choose a sequence (V,, : n € N) as in the
definition of the property Sg(X). For each V' € V, pick a function fy € A, with
V = f7(=1/n,1/n) and put C,, = {fv : V € V, }. Let us show that (C,, : n € N)
is the required sequence of subsets of A4,,’s.

First, 0 ¢ C,,, n € N. Otherwise, the fact 0 € C,, for some m would imply
that the corresponding V,, is a B-cover of X which is a contradiction.

Let now W = W(0,B,1/n), with B € B, be a neighborhood of 0. Since
UneN V,, is a B-cover of X there is m > n such that for some V € V,, we have

B CV = fy(=1/m,1/m), and fy € Cy,. Clearly, fyy € W and so 0 € J,,c Cn
which completes the proof. m

5. Boundedness and hyperspaces

Let B be a fixed boundedness in a space X. If A is a subset of X and A a
family of subsets of X, then we write

At ={BeB:BC A}, AT ={A"T:Ac A}

The upper Vietoris topology T+ on B is the topology whose basic sets are of the
form U™, U open in X.

We need the following lemma.

LEMMA 5.1. For a space X and an open cover W of (B,ny.) the follow-
ing holds: W is an w-cover of (B,m,) if and only if UW) = {U C X :
U is open in X and UT C W for some W € W} is a B-cover of X.

Proof. Let W be an w-cover of (B, 7, ) and let B € B. Then there exists
W € W such that B € W and thus there is an open set U C X with Be Ut C W.
Clearly, U € U(W). On the other hand, B C U, i.e. U(W) is a B-cover of X.

Conversely, let U(W) be a B-cover of X and let {By,---,By,} be a finite
subset of (B,7;). Then B = |J;*; B; is in B and thus B is contained in some
U € UW); pick W € W such that UT € W. From B; C U for each i < m,
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it follows {Bi, -+, B,,} € U C W which just means that W is an w-cover of
(B, TV+)' u

THEOREM 5.2. A space X is B-Lindeldf if and only if (B, 7,.) is w-Lindeldf.

Proof. Let X be a B-Lindelof space and let W be an w-cover of (B, 7/, ). By
Lemma 5.1, U(W) is a B-cover of X. Choose a countable family {U; : i € N} C
U(W) which is a B-cover of X. For each i € N choose W; € W such that U;" C W;.
Again by Lemma 5.1 {W; :i € N} C W is an w-cover of (B, 7/, ).

Let us show the converse. Let U be a B-cover of X. It is easy to check that
UT is an w-cover of (B,7,). Choose a countable collection {U;" : i € N} c YT
which is an w-cover of (B, 7/, ). Then {U; : i € N} C U is a B-cover of X, i.e. X is
a B-Lindelof space. m

THEOREM 5.3. For a B-Lindeldf space X the following are equivalent:
(1) (B, 7y, ) satisfies S1(2,T);
(2) X satisfies S1(Op,I'p).

Proof. (1) = (2): Let (U, : n € N) be a sequence of B-covers of X. Then
U : n € N) is a sequence of w-covers of (B,7\/,). To check this, fix n and let
{B1, -, By} be a finite subset of B. Then B = B; U---U B,, is in B and thus
there is U € U with B C U. This means that for each i < m, B; C U,i.e. B, € U™.
Therefore {By,--+ ,B,} C Ut and U, is an w-cover of B. By (1) for each n, one
can choose an element Ul in U, such that the set YT = {U,F : n € N} is a y-cover
of (B, 7y, ). Let us prove that {U, : n € N} is a yg-cover of X. Let B € B. Then
there is ng € N such that for each n > ng we have B € U}, i.e. B C U,. It shows
that {U, : n € N} is indeed a 7yg-cover of X, i.e. that (2) holds.

(2) = (1): Let (W, : n € N) be a sequence of w-covers of (B, 7/, ). For each
n let

U, ={UC X :U isopenin X and UT C W for some W € W, }.

It is easy to prove that each U, is a B-cover of X. Apply (2) to the sequence
(U, : n € N) to find a sequence (U, : n € N) such that for each n € N, U,, € U,
and the set U = {U,, : n € N) is a yg-cover of X. For each U,, € U take an element
Wy, € W, with U;f € W,,. We claim that {W,, : n € N} is a y-cover of (B, 7, )
which witnesses for W, : n € N) that (1) is satisfied. Let B € B. Then there is ng
such that for each n > ng, B C U,,i.e. BEUFCW,. =
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