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COMMON FIXED POINT OF SELF-MAPS
IN INTUITIONISTIC FUZZY METRIC SPACES

Sh. Rezapour

Abstract. Intuitionistic fuzzy metric spaces have been defined by J.H. Park ([5]). Although
topological structure of an intuitionistic fuzzy metric space (X, M, N, *, <>) coincides with the
topological structure of the fuzzy metric space (X, M, *) ([2]), study of common fixed theory in
intuitionistic fuzzy metric (and normed) spaces is interesting. We shall give some results in this
field.

1. Introduction

Motivated by the potential applicability of fuzzy topology to quantum parti-
cle physics, Park introduced and discussed in [5] a notion of intuitionistic fuzzy
metric space. Actually, Park’s notion is useful in modeling some phenomena where
it is necessary to study the relationship between two probability functions. Many
authors have proved different fixed point theorems in fuzzy metric spaces (for ex-
ample; [3], [11], [13]) and intuitionistic fuzzy metric spaces (for example; [1], [4],
[6], [8]-[10]). In this paper, we shall prove some results about common fixed point
theorems in intuitionistic fuzzy metric (and normed) spaces.

DEFINITION 1.1. ([12]) A binary operation x: [0,1] x [0,1] — [0, 1] is contin-
uous t-norm if * satisfies the following conditions:

(a) * is commutative and associative,

(b) = is continuous,

(c) a*x1=aforall a€l0,1],

(d) axb<cx*dwhenever a <cand b<d,and a,b,c,d € [0,1].

ExXAMPLE 1.2. Two examples of continuous ¢-norm are a *b = ab and a x b =
min(a, b).

DEFINITION 1.3. ([12]) A binary operation ¢: [0, 1] x [0,1] — [0, 1] is contin-
uous t-conorm if { satisfies the following conditions:

(a) ¢ is commutative and associative,
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(b) ¢ is continuous,
(c) a®0 = a for all a € [0, 1],
(d) a®b < c¢Od whenever a < ¢ and b < d, and a,b,c,d € [0, 1].
EXAMPLE 1.4. Two examples of continuous ¢-conorm are a{b = min(a + b, 1)
and a0b = max(a, b).

DEFINITION 1.5. ([1]) A 5-tuple (X, M, N, *,{) is said to be an intuitionistic
fuzzy metric space if X is an arbitrary set, * is a continuous t-norm, ¢ is a con-
tinuous t-conorm and M, N are fuzzy sets on X2 x [0, c0) satisfying the following
conditions;

(i) M(z,y,t)
M(z,y,0) =0,
M(z,y,1)
(z,y,t) =
(z,y,1)

(i

+N(93 y,t) <1,
(iii =

1 for all ¢ > 0 if and only if z =y,

(iv) M(z,y, My, z,t),

i)
)
)
(V) M(z,y,t)* M(y,z,8) < M(x,z,t+s) for all z,y,z € X,s,¢ > 0,
(vi) M(z,y,-): [0,00) — [0, 1] is left continuous,
(vil) limy oo M(z,y,t) =1 for all z,y € X,
) N(z,y,0) =1,
) N(z,y,t
) N(z,y,t
i) N(z,y,t
i) N(z,y,-):
) limy oo N(2,y,t) =0 for all 2,y € X.

(viii
(ix
(x
(xi
(xii

(xiii

=0 for all ¢ > 0 if and only if x =y,

= N(y,z,1),

ON(y,z,8) > N(z,z,t+ s) for all z,y,z € X,s,t > 0,
[0,00) — [0, 1] is left continuous,

\_/\/\/\/

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denoted the degree of nearness and the degree of non-
nearness between = and y with respect to t, respectively.

Every fuzzy metric space (X, M, ) is an intuitionistic fuzzy metric space of the
form (X, M,1— M, %, ), where 20y =1—[(1 —z) % (1 —y)] for all z,y € X. Also,
note that in every intuitionistic fuzzy metric space M (x,y,.) is non-decreasing and
N(z,y,-) is non-increasing for all z,y € X.

Let (X, d) be a metric space. Denote a b = ab and a0b = min(a +b,1) for all
a,b € [0,1] and let My and N, be fuzzy sets on X2 x [0,00) defined as following;
ht™ d(z,y)

M, t)=— Ny g
d(‘r?yv ) hin +md(x,y)’ (SL' Y, ) ktn erd(x y)
for all h, k,m,n > 0. Then, (X, My, Ng,*,0) is an intuitionistic fuzzy metric space.
In intuitionistic fuzzy metric space (X, M, N, *, (), define

for all > 0 and 0 < r < 1. Let 7(57,n) be the set of all A C X with z € A if and
only if there exist t > 0 and 0 < r < 1 such that B(z,7,t) C A. Then, 73/ ) is a
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topology on X (induced by the intuitionistic fuzzy metric (M, N)). This topology is
Hausdorff and first countable. A sequence {z,},>1 in X converges to z if and only
if limy, oo M (2, x,t) =1 and lim, . N(x,,x,t) = 0 for all ¢ > 0, and we denote
it by ,, — y. It is called a Cauchy sequence if for each 0 < ¢ < 1 and t > 0, there
exists a natural number ng such that M (2, Zpm,t) > 1 —¢e and N(xp,Tp,t) < €
for all m,n > ng. The intuitionistic fuzzy metric space (X, M, N, x, () is said to
be complete if every Cauchy sequence is convergent. Also, if f: X — X is a
self-map, then we say that f is sequentially continuous whenever z,, — y implies
f(zn) — f(y), for each convergent sequence {z, },>1. In fact, as in metric spaces,
continuity of f is equivalent to sequentially continuity of f. Here, we recall the
definition of fuzzy metric spaces.

DEFINITION 1.6. A 3-tuple (X, M, N, %, () is said to ba a fuzzy metric space if
X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X2 x [0, o0)
satisfying the following conditions;

(i) M(z,y,t) >
(ii) M(z,y,t) =1 for all ¢ > 0 if and only if z =y,
(iii) M(z,y,t) = M(y,,1),
(iv) M(z,y,t)« M(y,z,s) < M(z,z,t+s) for all z,y,2 € X,s,t > 0,
(v) M(z,y,-): (0,00) — [0, 1] is continuous.

We define the neighborhoods B(z,r,t) = {y € X : M(x,y,t) > 1 —r}, for all
t > 0and 0 < r < 1. The family of these neighborhoods generates a Hausdorff
topology on X which we denote it by 73;. In 2006, Gregori, Romaguera and Veera-
mani proved that the topologies 7(ys, ) and 7as coincide on X ([2; Theorem 2]). In
side of the fact, study of common fixed theory in intuitionistic fuzzy metric spaces

is interesting. In the sequel, We will need to the definition of intuitionistic fuzzy
normed spaces.

DEFINITION 1.7. ([7]) The 5-tuple (X, u, v, %, 0) is said to ba an intuitionistic
fuzzy normed space if X is a vector space, * is a continuous t-norm, ¢ is a continuous
t-conorm and pu, v are fuzzy sets on X X (0, 00) satisfying the following conditions
for every z,y € X and t,s > 0;

(i) plz, )+V($ t) <1,
) wlz,t) >
) plx, )—llfandonlylfx—O
) plax,t) = p(z, M) for each a # 0,
) )« ply,s) < plz+y,t+s),
(vi) w(x,.):(0,00) — [0,1] is continuous,
) limy oo pi(x,t) = 1 and limg_,o p(z,t) =0,
) v(x,t) <1,
) v(x,t) =0 if and only if z =0,
) v(az,t) = v(x, \al) for each a # 0,
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(xi) v(z,t)Ov(y,s) > v(x +y,t+ s),
(xii) v(z,.): (0,00) — [0,1] is continuous,
(xiii) limy oo v(x,t) = 0 and lim;_,gv(z,t) = 1.
Then (u,v) is called an intuitionistic fuzzy norm on X.
Note that every intuitionistic fuzzy normed space is an intuitionistic fuzzy
metric space. We say that a subset E of X is star-shaped respect to p € X

whenever
"+(A—ypek

for all t € E and « € [0, 1].

2. Main Results

Let (X, M, N,*,0) be an intuitionistic fuzzy metric space. We shall denote
the set of fixed points of a self-map f: X — X by Fiz(f), that is

Fiz(f)={r e X : f(z) = z}.

THEOREM 2.1. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space, K >
0 and f,g two self-maps with the property M(g(f(a:)),f(g(x)),Kt) > M(g(z),z,t)
forallx € X and t > 0, or N(g(f(z)), f(g(x)), Kt) < N(g(x),z,t) for allz € X
and t > 0. Then, f(g(y)) = g(f(y)) for all y € Fix(g).

Proof. Fix y € Fix(g) and let M (g(f(x)), f(g(z))
x € X and t > 0. Since M (g(y),y,t) =1, M(g(f(y)), f
Hence, g(f(y)) = f(g(y)) for all y € Fiz(g). m

Let (X, M, N,x,0) be an intuitionistic fuzzy metric space, f, g two self-maps
and A ={r € X : f(x) = g(z)}. It is easy to see that f(g(y)) = g(f(y)) for all
y € A if and only if f(y) € A for all y € A.

,Kt) > M(() ,t) for all
(9(y)), )—1forallt>0

PROPOSITION 2.2. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space
and f, g two sequentially continuous self-maps on X. Then, f(Fix(g)) C Fix(g) if
and only if for each sequence {xy}n>1 in X such that

lim M(g(zp),y,t) = im M(z,,y,t) =1
n—oo n—oo
for some y € X and for all t > 0, we have

nh_{go M(g(f(zn)), f(xn),t) = lim M(g(f(wn)), f(g(zn)),t) = 1.

n—oo

Proof. First suppose that f(Fixz(g)) C Fixz(g) and {2, }n>1 is a sequence in
X such that
lim M(g(zn),y,t) = Uim M(z,,y,t) =1
n—oo n—oo

and
lim N(g(z,),y,t) = lim N(z,,y,t) =0,

n—oo
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for some y € X and for all ¢ > 0. Since g is sequentially continuous, y € Fixz(g).
Thus, from sequentially continuity of f and g we have

9(f(xn)) — g(f(W) = f(y), flg(xzn)) — fly) and f(z,) — f(y).

Conversely, let z € Fiz(g) and x,, = z for all n > 1. Then,

lim M(g(zp),x,t) = lim M(z,,z,t) =1

n—00 n—odo

and
lim N(g(xy),z,t) = lim N(zp,z,t) =0,

n—oo n—oo

for all ¢ > 0. Hence by assumption,

9(f(x)) = f(z) and g(f(x)) = f(g()).
Thus, f(Fiz(g)) C Fiz(g). m

LEMMA 2.3. Let (X, M, N,*,Q) be a complete intuitionistic fuzzy metric space,
K a number in (0,1) and f,g two self-maps on X such that Fixz(g) is non-empty
and closed, f(Fixz(g)) C Fiz(g) and

M(f(z), f(y), Kt) = M(g(x),9(y), t)

for all x,y € X and t > 0. Then, the set of common fized points of f and g,
Fix(f,g) :=={z € X : f(x) = g(x) = x}, is singleton.

Proof. Since Fixz(g) is a non-empty closed subset of X, Fixz(g) is complete.
Hence, the restriction of f on Fix(g) satisfies the relations

M(f(z), f(y), Kt) = M(g(x), g(y), t) = M(z,y,1)

for all z,y € Fixz(g) and t > 0. Thus by [1; Theorem 7], the restriction of f on
Fiz(g) has an unique fixed point xg. Therefore, Fiz(f,g) = {zo}. =

THEOREM 2.4. Let (X, p,v, %, Q) be an intuitionistic fuzzy normed space, f,g
two sequentially continuous self-maps such that p € Fixz(g), Fixz(g) closed and star-
shaped respect to p, closure of f(X) compact, f(Fiz(g)) C Fix(g) and p(f(xz) —
fy),t) > ulg(z) —g(y),t) for allz € X andt > 0. Then, Fix(f,g) is non-empty.

Proof. Let {A\,}n>1 be a sequence in (0, 1) such that lim,,_.. A, = 1. For each
n > 1, define f, : X — X by fo(x) = A\ f(x) + (1 — Ap)p. Since f(Fiz(g)) C
Fix(g) and Fiz(g) is star-shaped respect to p, fn(Fiz(g)) C Fixz(g) for all n > 1.
Also, pu(fn(@) — fr(y), Ant) = p(An(f(z) = f(¥)), Ant) = plg(x) — g(y),t) for all
z,y € X,n>1andt > 0. Hence by Lemma 2.3, Fiz(f,,g) = {«,} for some z,, €
X. But by compactness of closure of f(X), there exists a subsequence {xy, }i>1
such that {f(z,,)}i>1 converges to some element zg in closure of f(X). Since
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and g(z,) = Zn,, the continuity of f and g implies g(z¢) = x¢ and f(zg) = xo.
Therefore, zg € Fiz(f,g). m

The following examples show that there are some applications for common
fixed point theory.

EXAMPLE 2.1. Let X = [0,00), d(z,y) = |z — y|, a *b = min{a, b}, adb =

max{a, b} (for all a,b € [0,1]), M(x,y,t) = m, N(z,y,t) = ti&?g;) and the
self-maps f,g: X — X defined by
x
Fa) = 22, gla) = o

Note that, f(Fiz(g)) C Fiz(g) and there is not any K > 0 such that

M(f(x), f(y), Kt) = M(g(x),9(y),t)

holds for all z,y € X and t > 0. But, Fiz(f,g) = {0}.
EXAMPLE 2.2. Let X = R, d(z,y) = |z—y|, axb = min{a, b}, a0b = max{a, b}

(for all a,b € [0,1]), M (z,y,t) = N(z,y, ) = tiff(fl) and gahcpg' X=X

t
t+d(z,y)’

same solutions, where ¢ (z) = ¢1(z) + = and 1/}2((E) = pa(z :E Thus if the self

maps 1 and vy satisfy the relations ¢ (Fiz(1)2)) C Fiz (s

M(%(@Wl(y)a Kt) > M(¢2($)7¢2(y)at)

for some K € (0,1) and all z,y € X, ¢t > 0, then by Lemma 2.3, the system

two self-maps. We know that the systems { Pl ) { B have the
() +
) an

=0
{ #1(@) has a unique solution.
p2(x) =
ExaMPLE 2.3. Let X = R", a b = min{a,b}, aQb = max{a,b} (for all

ayb € [Oa 1])a /’L(X7th) = 75_;,_“,:7_),“7 V(Xayvt) = t_li‘_](;fl‘,” and ¥1,$P2 ¢ X — X two

self-maps. Put 11 (x) = p1(x) + x and ¥5(x) = ¢a(x) + x. If the self maps ¢; and
19 are sequentially continuous, p € Fix(vq), Fix(¢s) is closed and star-shaped
respect to p, closure of 11 (X) compact, 1 (Fiz(¢s)) C Fix(¢s) and

p(1(x) = P1(y), t) > pu(vh2(x) — ¥2(y),t)

for all x,y € X and t > 0, then by Theorem 2.4, the system { 1l has at

least one solution.
EXAMPLE 2.4. Let X = Cr([0,1]), d(f,g) = sup,ep,1 |f(z ) g(@)|, axb=
min{a’a b}a a(}b = maX{G‘?b} (fOI‘ all avb € [07 1])’ M(fag7t) = m» (fag7 )

ti%?g) and ¢,9: X — X two self-maps defined by

= [ 3s@de v =1,
0
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for all f € X and « € [0,1]. Note that, ¢(Fixz(¢)) C Fiz(y)) and

M(o(1). pla). 31) > ME(), (o). 1)

for all f,g € X and ¢ > 0. By Lemma 2.3, the equation

PN = [ 510 dt = fa). forall € 01

has not solution except f = 0.

This example show that we can solve some integral equations by using common
fixed point theory.

3. Conclusions

This paper presents two common fixed point results about common fixed point
self-mappings on intuitionistic fuzzy metric spaces (Lemma 2.3) and intuitionistic
fuzzy normed spaces (Theorem 2.4) with some contractive conditions. Also, there
is a result about conditions of commuting of two self-maps on intuitionistic fuzzy
metric spaces (Theorem 2.1) and another one about equivalent condition of a basic
condition which has important role in the results of this paper (Proposition 2.2).
The example 2.1 shows that there are self-maps which don’t satisfies in the con-
tractive condition but those satisfy in the result of Lemma 2.3. The examples 2.2
and 2.3 provide an important application of common fixed point theory in solving
of systems of equations in R"™. This shows that common fixed point theory could
be used for solving of systems of differential equations. Finally, the example 2.4
provides another application of the theory in solving of some integral equations. In
general view, the results of this paper guarantee existence of common fixed points,
and so in application view, guarantee existence of solution for systems of equations.
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