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A NOTE ON MODULAR CURVES AND
FUNDAMENTAL UNITS OF NEGATIVE NORM

Christian Weiß

Abstract. We re-prove the fact that the fundamental unit of the ring of integers of a real
quadratic number field is of negative norm whenever the discriminant is a prime number congruent
to 1 mod 4.

Let d ∈ Z be a square-free, positive integer and let K = Q(
√

d) be the asso-
ciated real quadratic number field. The question whether the fundamental unit of
the corresponding ring of integers O has positive or negative norm has important
consequences, both from a (number-)theoretical point of view (see e.g. [3]) and for
applications (see e.g. [4]). Given a fixed d, there is in general no known criteri-
on to decide this question despite of explicitly solving the negative Pell equation.
However, it has already been known in the 19th century that the fundamental unit
has negative norm if the discriminant D of O is a prime number congruent to 1
mod 4. In this note, we give a new proof of this fact using modular curves on
Hilbert modular surfaces.

Let D be a square-free positive integer ≡ 0 or 1 mod 4 and let OD denote the
ring of integers of discriminant D and let σ denote the Galois automorphism. The
corresponding Hilbert modular surface is defined as

XD := H×H/SL(OD ⊕O∨D)

where H denotes the complex upper half plane, O∨D is the inverse different, and
SL2(OD ⊕ O∨D) acts on H × H via the Möbius transformations given by the two
embeddings OD ↪→ R. We call a matrix in GL2(K) primitive if it is of the form

(
µ bD
−a −µσ

)
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where a, b ∈ Z, µ ∈ OD do not have a common divisor in Z ⊂ OD. Given such a
primitive matrix, we define

HU :=
{

(τ1, τ2) | τ2 = −−µστ1 + bD

−aτ1 + µ

}

and let FU denote its projection to XD. Finally, let

FN (ν) = {FU | U is primitive, det(U) = N, ν(U) = ±ν}
where ν(U) is the image of µ in OD/(O∨D)−1 and let

FN =
⋃
{FU | U is primitive, det(U) = N}

be the modular curve. From now on D will be a prime number ≡ 1 mod 4. In [2],
McMullen reproved a result originally going back to Franke [1] in a way which is
easier to apply for us.

Proposition 1. (Franke, [1, Corollary 3.7]) If D is a prime then FN (ν′) = ∅,
whenever FN (ν) 6= ∅ and ν′ 6= ±ν.

Now let us assume that OD has a fundamental unit ε of positive norm. Then
ε acts on H×H by its two embeddings into R.

Lemma 2. We have
εFN (ν) = FN (εν).

Proof. If U =
(

a b
c d

)
then

εHU = ε

{
(τ1,

dτ1 + b

cτ1 + a
)
}

=
{

(ετ1, ε
σ dτ1 + b

cτ1 + a
)
}

=
{

(τ1,
εσdτ1 + b

cτ1 + aε
)
}

.

Moreover, neither ε nor −ε may preserve the class of ν in OD/D since ε /∈ D
as one can e.g. see by considering the norm of

√
D. This is a contradiction. So we

have proven:

Theorem 3. If the discriminant D ≡ 1 mod 4 is a prime, then OD has a
fundamental unit of negative norm.
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Raum, Bonner Mathematische Schriften, 104 (1978).

[2] McMullen, C., Foliations of Hilbert Modular Surfaces, American J. Math., 129 (2007), 183–
215.

[3] Neukirch, J., Algebraic Number Theory, Springer, Berlin Heidelberg New York (2005).

[4] van der Geer, G., Hilbert Modular Surfaces, Springer, Berlin Heidelberg New York (1988).

(received 10.01.2013; available online 01.03.2013)

Goethe-Universtität Frankfurt, Institut für Mathematik, Robert-Mayer-Str. 6-8, D-60325 Frank-
furt (Main), Germany

E-mail : weiss@math.uni-frankfurt.de


