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CONSTRUCTIONS OF (m,n)-HYPERRINGS

S. Mirvakili and B. Davvaz

Abstract. In this paper, the class of (m, n)-hyperrings is introduced and several properties
are found and examples are presented. (m,n)-hyperrings are a generalization of hyperrings. We
define the fundamental relation I'* on an (m,n)-hyperring R such that R/T'* is the smallest
(m, n)-ring, and then some related properties are investigated.

1. Introduction

The notion of an n-ary group is a natural generalization of the notion of a
group and has many applications in different branches. The idea of investigations
of such groups seems to be going back to E. Kasner’s lecture at the fifty-third annual
meeting of the American Association for the Advancement of Science in 1904. But
the first paper concerning the theory of n-ary groups was written (under inspiration
of Emmy Noether) by W. Dornte in 1928 [9] and was studied extensively by many
mathematicians, for example see [14]. Such and similar n-ary systems have many
applications in different branches. For example, in the theory of automata, n-ary
semigroups and n-ary groups are used, some n-ary groupoids are applied in the
theory of quantum groups. Different applications of ternary structures in physics
are described. In Physics, also such structures as n-ary Filippov algebras and n-Lie
algebras are used. In some papers several authors generalize the study of ordinary
rings to the case where the ring operations are respectively m-ary and n-ary, see [4].

Since 1934, when Marty [12] introduced for the first time the notion of a hy-
pergroup, the Hyperstructure Theory had applications to several domains, for in-
stance non Euclidean geometry, graphs and hypergraphs, binary relations, lattices,
automata, cryptography, codes, artificial intelligence, probabilities etc. (see [2, 3, 5,
16]). 70 years later, a nice generalization of a hypergroup, called an n-hypergroup
has been introduced and studied by Davvaz and Vougiouklis (see [7]) and studied
by Leoreanu and Davvaz [10, 11] and Davvaz et al. [6]. An n-ary hypergroup is a
nice generalization of the notion of a group, a hypergroup in the sense of Marty and
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an n-ary group, too. In [1, 13], Davvaz et al. studied Krasner (m,n)-hyperrings.
In this paper we study (m,n)-hyperrings in a general form.

2. Basic definitions

Let H be a non-empty set and f be a mapping f: H x H — P*(H), where
P*(H) denotes the set of all non-empty subsets of H. Then, f is called a binary
hyperoperation on H. In general, a mapping f: H x --- x H — P*(H), where H
appears n times, is called an n-ary hyperoperation and n is called the arity of this
hyperoperation. If f is an n-ary hyperoperation defined on H, then (H, f) is called
an n-ary hypergroupoid. If for all 7 € H the set f(z7) is a singleton, then f is
called an n-ary operation and (H, f) is called an n-ary groupoid. Since we identify
the set {x} with the element z, any n-ary (binary) groupoid is an n-ary (binary)
hypergroupoid.

We shall use the following abbreviated notation: the sequence z;, z;41,... ,2;
will be denoted by mf . For j <, xf is the empty symbol. In this convention

f($1,... 7mi7yi+1a-~-7yjazj+17---azn)

will be written as f(zf, yg_H, 27 1). In the case when y;11 = --- = y; = y the last
expression will be write in the form f(z¢, (Jgjl), 20)-

Similarly, for non-empty subsets Aq,..., A, of H we define
FOAD) = f(A1,- . An) = (@) |2 € Ay, i =1,...n}.

If m = k(n — 1) 4+ 1, then m-ary hyperoperation h given by

Ry = SO FEED 2T, G 0 )
k

will be denoted by f)-

An n-ary hyperoperation f is called associative if
. . - - - B
HCHEN (G R B (G (G I vy
holds for every 4,5 € {1,...,n} and all z1,25,...,29,—1 € H. An n-ary hyper-

groupoid with the associative hyperoperation is called an n-ary hypersemigroup.

An n-ary hypersemigroup (H, f) in which the equation
be flay 'z aly) (*)

has a solution z; € H for every a}™ ", al 1,0 € H and 1 <7 < n, is called an n-ary
hypergroup. This condition can be formulated as f(ai™ ', H, ap,) = H. If fis
an n-ary operation and (H, f) is an n-ary semigroup, then the equation (x) is as
follows:

b = f(a7iil7xi7a?+1)7
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and in this case (H, f) is an n-ary group. An n-ary hypersemigroup (H, f) is
cancellative, if

flay,x,alyy) = f(ay,y,afy,) implies ==y
holds for all z,y,a5 € H and for all i =1,2,... n.

An n-ary hypergroupoid (H, f) is commutative if for all o € S,, and for every
al € H we have
flar, . an) = flacy, - Go(n))-
If o € H we denote agg?)) as Qg (1)« -+ 5 Qo (n)-
An element e of H is called a (scalar) identity element if
(x=fle,...,e,x,e,...,e)) x€ fle,...,e,x,e,...,e)
—— = —— =

i—1 n—i i—1 n—i

forallz € H and all 1 <i <n.

3. Strongly compatible relations

Strongly compatible equivalence relations play in n-ary hypersystem theory a
role analogous to congruences in n-ary system theory.

Let p be an equivalence relation on an n-ary hypersemigroup (H, f). We denote
by p the relation defined on P*(H) as follows. If A, B € P*(H), then
ApB < aphb for all ac A,be B.
It follows immediately that p is symmetric and transitive. In general, p is not
reflexive. Indeed, let us take, for example, the equality relation on A, denoted here
by d4. The relation d4 is reflexive if and only if |A| = 1.

DEFINITION 3.1. Let (H, f) be an n-ary hypersemigroup and p be an equiva-
lence relation on H. Then, p is a strongly compatible relation if

a; pb; for all 1<i<nthen, fla,...,an)p f(b1,...,bn).

THEOREM 3.2. Let (H, f) be an n-ary hypersemigroup and let p be an equiv-
alence relation on H. The following conditions are equivalent.

(1) The relation p is strongly compatible.
(2) If 2%,a,b € H and a p b then for every i € {1,...,n} we have

f(xi_la avx?—i-l) ﬁ f(xli_la ba .I‘?+1)-

(3) The quotient (H/p, f/p) is an n-ary semigroup.

By Theorem 3.2, if p is a strongly compatible relation on an n-ary hypersemi-
group (H, f) then the quotient (H/p, f/p) is an n-ary semigroup such that

f/p(plar),...,plan)) = p(x) for all =€ f(ay,...,an)
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where ay,...a, € H. If (H, f) is an n-ary hypergroup and p is a strongly compatible
relation then the quotient (H/p, f/p) is an n-ary group. Also, by Theorem 3.2, we
obtain:

THEOREM 3.3. [7] Let (H, f) be an n-ary hypergroup and let p be an equiva-
lence relation on H. Then, the relation p is strongly compatible if and only if the
quotient (H/p, f/p) is an n-ary group.

Davvaz and Vougiouklis showed in [7] that the relation 532 on an n-ary hyper-
semigroup (H, f) is the transitive closure of the relation 5y = Uk21 81, where 3
is the diagonal relation and, for every integer k > 1, (i is the relation defined as
follows:

v By <= " € H:{x,y} C fuy(z]'), where m =k(n—1)+1.

It is well known that (7 is the smallest strongly compatible equivalence relation on
an n-ary hypersemigroup (H, f). Leoreanu and Davvaz [11] showed that the relation
By is transitive. The relation ﬂj’i on an n-ary hypersemigroup (hypergroup) is called
the fundamental relation and (H/B%, f/B}) is called fundamental n-ary semigroup
(group). Thus, we have

THEOREM 3.4. Let (H, f) be an n-ary hypersemigroup. Then,
(1) (H/B}, [/B3) is an n-ary semigroup.

(2) If (H, f) is an n-ary hypergroup, then (H/B%, f/B}) is an n-ary group and the
relation By is an equivalence relation.

4. (m,n)-hyperrings

A recent book [5] is devoted especially to the study of hyperring theory. It
begins with some basic results concerning ring theory and algebraic hyperstructures,
which represent the most general algebraic context, in which the reality can be
modeled. Several kinds of hyperrings are introduced and analyzed in the following
chapters: Krasner hyperrings, multiplicative hyperrings, general hyperrings. Now,
in this section the class of (m,n)-hyperrings is introduced and several properties
are found and examples are presented.

DEFINITION 4.1. An (m,n)-hyperring is an algebraic hyperstructure (R, f, g),
which satisfies the following axioms:

(1) (R, f) is an m-ary hypergroup,

(2) (R,g) is an n-ary hypersemigroup,

(3) the n-ary hyperoperation g is distributive with respect to the m-ary hyperop-
eration f, i.e., for every azfl, al 1,z € R, 1 <i<mn,

g(aiila f(xin)va;zrl) = f(g(aiilaxh G?Jrl)’ cee ,g(aiil,a)‘m, a?+1))'

(R, f,9) is called an n-ary hyperring if n = m.
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If (R, f) is an m-ary hypersemigroup, then (R, f,g) is called an (m,n)-
hypersemiring.

In (m, n)-hyperring (R, f,g), if f is an m-ary operation then (R, f, g) is called
an (m,n)-multiplicative hyperring and if g be an n-ary operation then (R, f,g) is
called an additive (m, n)-hyperring. A multiplicative and additive (m, n)-hyperring
is called an (m,n)-ring.

A non-empty subset S C R is called an (m,n)-subhyperring if (S, f,g) is an
(m,n)-hyperring.

Let i € {1,...,n}. Ani-hyperideal I of R is an (m,n)-subhyperring of R such
that for every ] € R, g(rifl,l,r;‘“) ClI.

If I is an i-hyperideal and for every r? € R, g(ri ! I, rit1) = I, then I called
a strong i-hyperideal.

A non-empty subset I of R is called (a) a (strong) (m,n)-hyperideal if I is (a)
an (strong) i-hyperideal of R for every i € {1,...,n}.

LEMMA 4.2. For any (m,n)-hyperring (R, f,g) and I C R the following con-
ditions are equivalent:
(1) I is a strong (m,n)-hyperideal of R.
(2) I is a strong i-hyperideal of R for i =1 and i = n.
(3) I is a strong i-hyperideal of R for some 1 < i < n.
Proof. (1) = (2) is obvious.
(2) = (3) Let 1 <i < nand r} € R. Then
i-1 7 .n i1 M0 o1 (TIDC 6D
g(ri L) =g(ri ", 9( 1 )77"i+1) =g(gtri ", I ), I 77"i+1)
(1)
=g(I,ri,) =1
(3) = (1) Let for some 1 < i < n and for every r} € R, g(r{” ', I,77%,,) = I.
Thus, for every sj € R we have:
N KON (n—i-1) @4y .
g(1782>=g(g(1)782)=g( I 79( I =) )>Sn7i+1)
(n—i)
=g( I ,ry_is1)

If we repeat the above process, then we obtain g(I,s5) = I and so I is a strong 1-
hyperideal. By the similar way, I is a strong n-hyperideal of R. Thus, we conclude
that I is a strong i-hyperideal for every 1 < ¢ < n and so I is a strong (m,n)-
hyperideal. m

An element o is called a (scalar) zero of (R, f,g) if it is a (scalar) identity of
(R, f) and for every =% € R we have
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EXAMPLE 1. Let (G, +) be a commutative group of the exponent n — 1 (for
example Z,_1) and H be a subgroup of G. Then, we have f(z7) =Y I x;+H. fis
an associative n-ary hyperoperation and (G, f) is a commutative n-ary hypergroup.
Also, (G, f, f) is an n-hyperring.

ExXAMPLE 2. Let R = {a,b,c} and f and g be defined by the following tables:

f‘ a b c g‘ a b c
a|{a,b} {a,b} ¢ a|{a,b} {a,b} {a,b}
b|{a,b} {a,b} ¢ b|{a,b} {a,b} {a,b}
c| ¢ ¢ {a,b} cl{a,b} {a,b} ¢

Then (R, f,g) is a (2,2)-hyperring and a, b are two zero of R.

LEMMA 4.3. For any (m,n)-hypersemiring (R, f,g) and o € R the following
conditions are equivalent:
(1) o is a scalar zero of R,

1

(2) ois a scalari-zero for some 1 < i < n, i.c., for everyx} € R, g(x7 ", 0,27, 1) = o,

(3) o is a scalar i-zero fori =1 and i = n, i.e., for every z¥ € R,
-1
g9(0,25) = 0=g(z"",0)

Proof. (1) = (2) Obvious.
(2) = (3) Let 2% € R, we have
n (), 5 (n—i) (&) ,_; n
g(o7x2):g(g(0)7$1):g( o 7g(0,fE2 +1)7$n7i+2)
(n—i+1)
=g( o ap_i)
If we repeat the above process, then we obtain g(o0,2%) = o. In a similar way for
every 27 € R we have g(z%,0) = o.
(3) = (1) Let 1 <i < n and 27 € R. Then, we have
i n i (N ioq1 (n—it1) (i=1)
g(zy 1a07xi+1) = g(zi ', 9(0 ), xiyr) = g(g(@y Lo ) o $ i)
@ .
=g(o,z,)=0. =
DEFINITION 4.4. Let (R1, f1,91) and (Ra, fa2,92) be two (m,n)-hyperrings. A
homomorphism from Ry to Ry is a mapping ¢ : Ry — Rs such that

o(f1(al")) = fa(d(ar), ..., ¢(am)) and G(g1(bT)) = g2(d(b1), - -, ¢(bn))

hold for all af, b € R;. If ¢ is injective, then it is called an embedding. The map
¢ is an isomorphism if ¢ is injective and onto. We say that Ry is isomorphic to Ro,
denoted by R; = R, if there is an isomorphism from R; to Ry. Let ¢ : Ry — Ro
be a homomorphism and S; be an (m,n)-subhyperring of Ry and Ss be an (m,n)-
subhyperring of Ry, then ¢(S1) is an (m,n)-subhyperring of Ry and if ¢~1(Ss) is
non-empty, then ¢~1(S,) is an (m, n)-subhyperring of R;.
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Let ¢ : Ry — Ro be a homomorphism. Then the kernel ¢, is defined by
ker¢ = {(a,b) € R1 x R1 | ¢(a) = ¢(b)}.

EXAMPLE 3. Every hyperring is a (2, 2)-hyperring and every hypergroup is a
(2,0)-hyperring.

EXAMPLE 4. Let (G, o) be an ordinary group. We consider g = o and define the
3-ary hyperoperation f : G — G such that for every 23 € G, f(23) =z 025  ox3.
We have

F(fad),2]) = f(zromy ! oxs,af)
:mloxgl omgon1 o s,

flay, f(@3),25) = f(z1,22 025" 0 24, 25)

1 1

=x10(zp0x5 oxy)  Ox5

:xloxgloxgoleoxf),

f(ai, f(23)) = f(af, 25 025" 0 x5)

:x10$510$30$210$5.
Also,

gla1, f(y?)) = z10y10ys L oys
=ayoyi0y; oz oxyoys
= g(z1,y1) 0 g(21,2) " 0 g(z1,y2)
= f(g(z1,91), 9(21,92), 9(z1,y2)).

In the same way we obtain g(f(y3),2z2) = f(9(y1,72),9(y2,72),9(y3,72)). Thus,
(Ra fa g) is a (3’ 2)—ring.

If b,c € R then we say that an (m,n)-hyperringoid (R, f,g) is (b, c)-derived
from a hyperringoid (R, +,-) and denote this fact by (R, f,g) = dert(R,+,-) if
two m-ary hyperoperation and n-ary hyperoperation f and g respectively, have the
form .

f@)=>z;+b, Va*eR,
i=1

and
n

g(at) = Hlyj ¢, VyreR.
j=
In this case, when b is a zero scalar of (R,+) and ¢ is an identity scalar of (R, o)
we say that (R, f,g) is derived from (R,+,-) and denote this fact by (R, f,g) =
der(R,+, ). It is clear that if b belongs to the center of a hypersemigroup (R, +) and
¢ belongs to the center of a hypersemigroup (R, -) then two m-ary hyperoperation
and n-ary hyperoperations f and g are associative and (R, f) and (R, g) are an m-
ary hypersemigroup and an n-ary hypersemigroup, respectively. Now, if b is the zero
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scalar and f is defined by f(z7") = Y .-, ; then we denote (R, f, g) = der.(R,+,")
and say that (R, f,g) is c-derived from (R,+,-). If (R,+,-) is a hyperring and
¢ € Z(R,-) then, the c-derived (R, f,g) is an (m, n)-hyperring.

ExaMPLE 5. Let (R,+,-) be a commutative ring and S be a subring of R.
Then, we can define an additive (m,n)-hyperring (R, f, g) as follows:

fx") =8+ >, V ai" € R™,

i=1
g(al) = 1:[ Zi, v zi € R™.

EXAMPLE 6. Let R = (Z2,+,-). If (R, f,g) is a (3,3)-hyperring derived of
(R, +,-) then for every 23 € R and y} € R we have f(z3) = 21 + x2 + x3 and
g(y3) = y1-y2-y3. So for every z € R we have that x is a neutral element but only
0 is zero element. In fact (R, f,g) = der(Zs, +,-).

THEOREM 4.5. Let (R, f,g) be an (m,n)-hyperring and the relation p be a
strongly compatible relation on both m-ary hypergroup (R, f) and n-ary hypersemi-
group (R, g). Then, the quotient (R/p, f/p,q/p) is an (m,n)-ring.

Proof. By Theorem 3.3, the quotient (R/p, f/p) is an m-ary group. Also,
by Theorem 3.2, (R/p,g/p) is an n-ary semigroup. We show that the n-ary op-
eration g/p is distributive with respect to the m-ary operation f/p, i.e., for every
ai a2 ER, 1<i<n.

g/p(p(ar), ..., plai—1), f/p(p(x1), .., p(Tm)), plait1), ..., plan)) = f/p(ur, ... um)
where for every j =1,...,m, u; = g/p(p(a1), ..., plai—1), p(z;), p(@it1); - - . p(an))-
Since the n-ary hyperoperation g is distributive with respect to the m-ary hyper-
operation f, thus

g(aii—l’ f(xyln)v a?—&-l) = f(g(ai_la T, a?—&-l): e ag(ail_lv T,y a?—&-l))
and so

plglay™", f(ai") ai0) = p(f(g(ar 2 ay), - g(ai wm, afyy))).

Thus, we have
plglai™, f(a),af1))
= g/p(p(a1), ..., plai-1), p(f(@1")), p(ai+1),-- -, plan))
=g/p(p(ar),...,plai-1), f/p(p(z1), ..., p(xm)), p(ait1), - - -, plan)).
And
p(flg(ai @1 alty), - g9l @, ayy)))
= flplp(g(ai™" w1, ai31)), - plg(al ™" wm, af4)))
= f/plut,..., um),

Where for every j = 1,...,m, u; = g/p(p(a1), ..., p(ai—1), p(x;), p(@it1), - - . p(am)).
Therefore, the n-ary operation g/p is distributive with respect to the m-ary
operation f/p, and so the quotient (R/p, f/p,g/p) is an (m,n)-ring. m
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5. Fundamental relations on (m,n)-hyperrings

The fundamental relation I'* was introduced on hyperrings by Vougiouklis [17].
Also, commutative fundamental equivalence relation a* was studied on hyperrings
by Davvaz and Vougiouklis [8]. Now, we consider the notion of fondamental relation
on (m,n)-hyperrings.

DEFINITION 5.1. Let (R, f,g) be an (m,n)-hyperring. For every k € N* and

€ N, where s = k(m — 1) + 1, we define a relation I'y;s, as follows: x Ty e y if
and only if there exist z't € R, where t; = l;(n — 1) + 1,4 =1,..., s such that

{xvy} - f(k)(ula s ,Us)
where for every i = 1,...,8, u; = g(li)(:cﬁi).

Now, set I', = UlfeN Lpas and I' = (g e- Tk Then, the relation T is reflexive
and symmetric. Let I'* be the transitive closure of relation I.

It easy to see that Gy C T, B;E CrI™, By CI'and 3 C I,

REMARK 1. Pelea and Purdea defined in [15] a relation o on a multialgebra.
Indeed, the relation I' introduced in Definition 5.1 is a particular case of the relation
« in [15] context to (m,n)-hyperrings.

REMARK 2. Vougiouklis defined in [17] the fundamental relation v* on a
hyperring R as the smallest equivalence relation on R such that the quotient R/~v*
is a fundamental ring. In fact, in (2,2)-hyperring (hyperring) we have I'* = ~+*
and in any (2,0)-hyperring (hypergroup) I'* = *. So I'*-relation is a natural
generalization of the v*-relation and §*-relation.

LEMMA 5.2. Let (R, f,g) be an (m,n)-hyperring, then for every k € N* we
have I'y, C Tiyq.

Proof. Let x Ty y. Then there exist [ € N* and 2! € R, where s =
kE(m—-1)4+1,t,=li(n—1)+1and i =1,...,s such that

{z,9} € fom(wa, .- us)

where for every i =1, .. i = 9., )( 1). Thus,

{ffay} < f(k) (9 @11, - -5 g (@35))
Now, for every ¢ = 1,...,s, there exist @i, +1,...,%s, € R such that z;, €
f(xiti,l'iti+1a e ﬂﬁir,-)-

{2y} € foy (900 (@11)s - g (@35))
C foy(9ay (9311 R T TONE TR S ) I
90 @ T F(@at,, Tat 41, - Tr,))
= fu(F(gan (@11, - 90 (@5)))

= forn (9an (@11, - - g (@35°))
This means x I'y41 yand so 'y, C Ty 1. m
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COROLLARY 5.3. Let (R, f,g) be an (m,n)-hyperring. Then, for every k € N*
we have I'y, C T, .

ExaMPLE 7. Lemma 5.2 and Corollary 5.3 are not valid for hypersemirings.
Let (R, f,g) be an (m,n)-hyperring as follows: Let R = {1,...,6} and 2-ary hy-
peroperation f on H defined as follows:

1 2 3 4 5 6
1,2,3) {12y (1,3} {12} {1,3} {13}
{2y {1,2,3} {23} {23} {12} {1,2}
{1,3p {23} {1,2,3} {13} {23} {2,3}
(1,2} {23} {1,3} {1,2,3} {1,2,3} {1,2,3}
(1,3} {1,2} {2,3} {1,2,3} {1,2,3} {1,2,3}
(1,3} {12} {23} {1,2,3} {1,2,3} {4,5}

For every z,y, 2 € Rwe have f(z, f(y,2)) = f(f(z,y),2) = {1,2,3}. Thus, (R, f)is
a 2-ary hypersemigroup. Also, we define the n-ary hyperoperation g(z7) = {1, 2, 3}
and we have

S T W N |~

g(xiil7f(y1ay2)7x?+l) = {17273} = f(g(xiilvylax?ﬁ»l)?g(xiilay%ir;ﬁrl))'

Therefore, (R, f,g) is a (2,n)-ary hypersemiring. We have 4 I's 5 but 4 A'3 5 or
5I'15 but 5 I'35. Also 4 T'5 5 but 4 15 5.

LEMMA 5.4. The relation I'* is a strongly compatible relation on both m-ary
hypergroup (R, f) and n-ary hypersemigroup (R, g).

Proof. Since the relation T is reflexive and symmetric, so I'* is an equivalence
relation. It is enough to show that if z I y then for every «{*,y7 € R,i=1,...,m
and j=1,....,n

f(.%‘iil,ﬂzl‘ﬁl)

=i Al

f(l'iil, Y, xml)v
- .
gl ut) Tl u,y)-

Let © T y. Then there exist k € N*, I§ € N* and x4 € R, where s = k(m — 1) + 1
and t; =l;(n—1)+1,i=1,...,s such that

{xay} - f(k)(ula s 7us)7

where for every 1 =1,...,s, u; = g(li)(xﬁi). Thus,

{9} € foy(gan (@11 -+ g (@3r))-
Now, let " € R. Then for every i = 1,...,m we obtain:

{f(xi_171‘75€;11), f(x§_17y7xﬁ-l)} C f($§—17 f(k:) (g(ll)(x%il)’ s 7g(lb)(xztlb))axﬁ-l)

= forn (@ g (@), - g0y @), @),
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Set ) o ‘
u; = g(o)(z;), ifj=1,...,i—1
_ =i+t —it1)
u; = g(lj—i+1)<x(j7i+1)1 o )s
/
J

:9(0)(%—54-1), ifj=s4+14,...,s+m—1.

ifj=d,....,s+i—1
u

Therefore, for every v € f(z} ", z, % ,) and w € f(z{™",y,2",) we have
{U7 ’LU} < f(k:-l—l)(u/l? cey U;+m_1)

and so v I' w. Thus, f(z{"', z,27%,) T f(@7h y, 2 ,) and it is easy to see that

f(xiilvxa xﬁl) ﬁ f(xiilvya xml)

Now, note that for every y € R and j =1,...,n we have

i—1 i—1 i—1 sts
Lot 2yl ) gty )} S g fay (9an (15, - - g0 (@35)), Ul )-

Since the n-ary hyperoperation g is distributive with respect to the m-ary hyper-
operation f, then

j—1 sty n _
g(y{ 7f(k) (g(h)(xﬁl)a o 7g(ls)(xs§ ))7yj+1) - f(k)(ullla ce 7“21)7

where ul = g(liﬂ)(y{*l,xﬁi,y?_s_l), for every i = 1,...,s. Therefore,

"

j—1 j—1
{g(y{ "r’y]ﬂ-',-l)vg(y{ 7y7y?+1)} gg(ulllw-wus)

1

and so for every t € g(yi ™!, , Yiig) and z € gyl ™y, Y1), we obtain ¢ I' z. Thus,

i—1 = i—1
g1 w i) Tl y, v )-

and we conclude that

- =
9wy T g(yl Ly, y)) ™
THEOREM 5.5. The quotient (R/T*, f/T*, g/T*) is an (m,n)-ring.

Proof. Since by Lemma 5.4, the relation I'* is a strongly compatible relation on
both m-ary hypergroup (R, f) and n-ary hypersemigroup (R, g), then by Theorem
4.5, the quotient (R/T*, f/T*, g/T*) is an (m,n)-ring. m

THEOREM 5.6. The relation I'* is the smallest equivalence relation such that
the quotient (R/T*, f/T*, g/T*) is an (m,n)-ring.

Proof. Let 6 be the smallest equivalence relation such that (R/6, f/6,q/0)
is an (m,n)-ring. We prove that ' = 0. Since (R/I'", f/I'", g/I'*) is an (m,n)-

ring so § C I'*. If ¢ I' y, then there exist k¥ € N*, [{ € N* and x:’i € R, where
s=k(m—-1)4+1land t; =0;(n—1)+1,i=1,...,s such that

{xay} - f(k)(ula s 7us)7
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where for every i = 1,...,s, u; = g(li)(scﬁi). Thus, we have

{0(2),0(9)} € (f/0) 1y (U, ..., Us),

where for every i = 1,...,s, Uy = (9/0)u,)(0(xi1),...,0(xi,)). But R/0 is an
(m,n)-ring and it follows that 6(z) = 6(y). Thus, z T y implies that = 6 y. Finally,
let z I'* . Thus, there exist h € N and w} € R such that

z=wo I'wy ... wpI' wpy1 =y.
Since 6 is transitively closed and I" C 6 we obtain

r=wy O wy ... wpd Wpy1 =Y.
Therefore, x 0* y and so I'* C 6. m

THEOREM 5.7. For all additive (m,n)-hyperrings, we have I'* = B;E.

Proof. Since (R/T*, f/T*,¢g/T*) is an (m,n)-ring, then (R/T*, f/T*) is an
m-ary group, and so 57 C I'".

Conversely, let  I' y. Then, there exist k¥ € N*, [; € N* and xﬁ‘ € R, where
s=k(m—-1)+1landt;=1l(n—1)+1,i=1,...,s such that

{xay} - f(k)(ula s 7us)7

where for every i = 1,...,s, u; = g(li)(acétf’). But, g is an n-ary operation
and so u; is singleton. Therefore, x By y. Now, if  I'* y then there exist
Wy, Wa, ..., Wy—1 € R such that £ = wo " wy ... wyp—1 I w, = y. Thus, we
obtain £ = wg Bf w1 ... wyp—1 By wnzyandxﬁ;; y. |

COROLLARY 5.8. For every additive (m,n)-hyperring, the relation T is an
equivalence relation, i.e. I' =T,

Proof. By Theorem 3.4, we have 3y = ﬂ;ﬁ. Also, by Theorem 5.7, ﬂ]’i =TI
Now, we conclude that
PCr* =35 =0, CT.

SoI'=T*.nm

THEOREM 5.9. Let (R, f,g) be an (m,n)-hyperring. Then,
(1) (R/ﬁ;;, f/ﬁ;;,g/ﬁ}‘) is an (m,n)-multiplicative hyperring,
(2) (R/B;, f/B;,9/8;) is an additive (m,n)-hyperring.

Proof. (1) For every z}* € R we have
F187 (B3 (1), By (wm)) = By(z) forall z e f(Bi(21),- ., Bf(xm))-

By Theorem 3.4, (R/ B3 f / ,6’1"2) is an m-ary group. We define an n-ary hyperoper-
ation g/B3} on R/} as follows:

9/B3 (B (x1), .., Bj(wn)) = {B}(2) | 2 € g(Bf(21), - -, Bf(an))}-
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We prove that g/ﬁ; is associative. Let x%”fl € R. Then,

9/B5(B (1), - B3 (@iz1), 9/ BF(BF (i), - - - B (@msi=1))s
ﬂ;(xmﬂ')v e 75;(1'2?71*1))
={B7(2)|z € g(Bf(x1), ..., BF(wi-1), 9(BF (i), - . ., BF(@mti-1)),
B (@mti), - - - B (T2m—1))}
{B7(2)|z € g(BF (1), -, BF(xj-1), 9(BF(x5)s - - BF (Tmtj—1)),
B (@m+j)s - Bp(T2m—1))}
= g/B7 (B3 (1), -+, BF(@i-1), 9/ Bt (B} (), - s BF(Tm+j—1)),
ﬂ;(merj), . ,ﬁ;(mgm,l)).

Thus, (R/B%,9/B}) is an n-ary hypersemigroup. It is easi to see that n-ary hyper-
operation g/ B} is distributive with respect to the m-ary operation f / B}

(2) The proof of (2) is similar to (1). m

THEOREM 5.10 Let (R, f,g) be an (m,n)-hyperring. Then,

R/T* 2 (R/B;)/B}/ps

Proof. Let W : R — (R/f3;)/B} 5. be the canonical projection. We denote the

equivalence relation associated to ¢ by . For every a € R we have I'*(a) C 6(a).
On the other hand, since 3;(z) C I'* () for all x € R, we have

U Bi(z) = U B3;(2)
Br(2)Ef/B; (B (x1),-,85 (xm)) 2€F (B3 (21),-,85 (Tm))

C U I*(z) = I*(w) for all we f(z).
z€f(T*(x1),....*(Tm))

Consequently, we obtain

2€ f(r) (B3 (x1),---,85 (%1))

where w € fq.)(2}), | = k(m — 1)+ 1 and 2! € R. Moreover, since I'* is transitive,
we have
0(a) = U By(2) CT™(a) for alla€ R.
= 18;2) B 5 O30}
Therefore, § =T*. m

Let (Rq, f,g) and (Ra, f, g) be two (m,n)-hypersemirings. We define (fi, f2) :
(A x B)™ — P*(A x B) by

(f,9)((a1,b1), ..., (an, b)) ={(a,b) | a € f(ar,...,an),b € g(b1,...,bn)}.
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We defined (g1, g2) in a similar way. Clearly (R x Ra, (f1, f2), (91, 92)) is an (m,n)-
hypersemiring and we call this (m, n)-hypersemiring the direct hyperproduct of Ry
and RQ.

LEMMA 5.11. Let (Ry, f,g) and (Ra, f,g) be two (m,n)-hypersemirings, a,c €
Ry and b,d € Ry. If I'p , Iy, and T, g, are the I'*-relations on Ry, Ry and
Ry X Ry respectively, then (a,b) T, g, (¢,d) implies a T, ¢ and b T, d.

Proof. Let (a,b) Tk, «p, (c,d). Then, there exist k € N*, [§ € N* and i €
Rl,yﬁi € Ry, where s=k(m—1)+1and t; =1l;(n—1)+1,i=1,...,s such that
{(a’b)7 (C? d)} g fk? (u17 s 7u3)5

where for every i = 1,...,s, u; = gq,) (v ﬁl,yﬁ’) Thus, we have

(a7 b)> (C7 d) € f(k)(g(ll)(xﬁlvyﬁl)? < 91 )( :i:yig))
= (fu (gan @), 90 @5, Foy (9any With)s - - 900 WE)))

Therefore, we conclude that

{a,c} C fuy (9, (@11 -+ gan (@dy)) and
{b,d} C (g (i) 900 (W317))-
This implies that a I'z cand bI'g d. m

THEOREM 5.12. Let (Rhf7 ) and (Ra2, f,g) be two (m,n)-hyperrings, a,c €
Ry and b,d € Ry. If T, , Uy, and T, g, are I -relations on Ry, Ry and R1 X Ry
respectively, then

(a,b) Tk, «r, (c,d) if and only if a Tk cand b}, d.

Proof. By Lemma 5.11, we need to prove that a I'; ¢ and b I'y, d imply
(a,b) TR, « g, (¢,d). Thus, there exist p,q € N*, w € Ry, uj € Ry and k{1 € N*
such that

a=wol'g, w1k, ... Tk, wp =cand b=uglyu1l'y, ... T, uq = d.

Let p < ¢. Then a = wol'y, wilk, ... Tr,wpl's,  wpr1Tk, ., - - Tk, wg = ¢ where
Wp = Wpy1 = -+ = wy and kppq = -+ = kg = 0. By Corollary 5.3, if k =
maxlgigq{ki, ZZ} then

a =wol'ywil'y .. . Tpwy =cand b = wol'yu Iy, ... Truy =d.
So for every 1 < ¢ < g we have w;_1T'yw; and u;—1Tgu;. Therefore wi_1,Ww; €

Foy (9 (@), - gy (@59) and wimi,ui € fuy (900 (A1), -0 90 (21559).
Thus,

{(wima,wim), (i)} © Foo(gan (2,201 ); -+ 900 (2, 2)51)-
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Hence, we obtain
(a,b) = (wo,u0)T R, x Ry (W1, 1)L Ry xRy - - - TRy xRy (Wg, ug) = (¢, d),
and so (a,b) I'y ,p, (c;d). m

THEOREM 5.13. Let Ry and Ry be two (m,n)-hyperrings, 'y , 'y, and
F’élsz be the I'*-relations on Ry, Ro and Ry X Rs respectively. Then,

(R1 X R2)/Th «p, = R1 /TR, x Ra/Th,

ExaMPLE 8. We show that Theorem 5.13 for (m,n)-hypersemirings does not
hold. Let R = {1,2,3,4}. We define m-ary hyperoperation f on R as follows:

f(A,.,1) = {3,4},
flz, .. xm) =4{2,4},V(z1, ..y 2m) # (1,...,1).
(R, f) is an m-ary hypersemigroup, since for every z1,...,z, € R, we have 1 ¢

f(z1") and so:
f( 7f( m+i— 1) 2m— 1) _{2 4}_ ( 7f( m+] 1) x2‘m—1)7 vx%m—l cR.

? 'L+m » Y i+m

(R, f) is not an m-ary hypergroup, since for every zi,...,2, € R, we have 1 ¢
f(z"). We define an n-ary hyperoperation g for all 2} € R, by g(z7*) = {2,4}.
Now, (R, g) is an m-ary hypersemigroup. For every af,z* € R, 1 <i <mn,

g(ai_la f(x?l)7a’?+1) = {2a4} = f(g(azi_lﬁxha’ln-l—l)a ce 79( ‘rnm 1+1))

Therefore, (R, f,g) is an (m,n)-hypersemiring. We obtain I';(1) = {1} and
I'y(2) = {2,3,4} = T'R(3) = I'(4). Let R x R be the direct hyperproduct of
R and R. Then, we have:

(fs H)(z1,91), -5 (@moym)) = {(a,b) [a € f(21,. .., 2m), b € f(yr,.. . ym) }-

and

(g,9)((u1,v1), .oy (Un,vn)) = {(e,d) | c € gur, ..., un),d € g(vr,...,vn)}
Therefore, we obtain:

(fvf)( )"'7(171)):{374}X{374}»
DLy s (Lgm)) = (3,4 x (2,43, Vo) 2 (1),
D@11 (s 1) = 1243 x (3,43, V) £ (1),
D@15, s ) = (2,4 x (2,43, V), (a1 £ (1),
9,9 ((xlayl) (xnayn)) = {234} X {2a4}’ vy, x] € R.

We have (R x R, (f, f), (g9,9)) is an (m,n)-hypersemiring. It easy to see that
Iy (i, g) =42,3,4} x {2,3,4}, ifi,j =2,3,4.

(f;
(f;
(f;
(
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Iy r(,5)={G,4)}, ifi=lorj=1.

Hence, we have |R x R/T%, p| = 8. But |[R/I';| =2 and so |R/T%, x R/T%| = 4.

Therefore,
* * *
Rx R/Thyr# R/TR x R/T'R.
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