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EXACT FORMULAE OF GENERAL SUM-CONNECTIVITY INDEX
FOR SOME GRAPH OPERATIONS

Shehnaz Akhter, Rashid Farooq and Shariefuddin Pirzada

Abstract. Let G be a graph with vertex set V(@) and edge set E(G). The degree of a
vertex a € V(@) is denoted by dg(a). The general sum-connectivity index of G is defined
as Xa(G) = X hem(q)(dala) +da(b))®, where a is a real number. In this paper, we com-
pute exact formulae for general sum-connectivity index of several graph operations. These
operations include tensor product, union of graphs, splices and links of graphs and Hajés con-
struction of graphs. Moreover, we also compute exact formulae for general sum-connectivity
index of some graph operations for positive integral values of a. These operations include
cartesian product, strong product, composition, join, disjunction and symmetric difference
of graphs.

1. Introduction and preliminary results

Let G = (V(G), E(G)) be a simple and connected graph. An edge with end vertices
a and b is denoted by ab (or ba). The order and size of graph G are denoted by
ng and mg, respectively. The degree of a vertex a € V(G), denoted by dg(a),
is the number of vertices incident with a. A path P, of length n — 1 is a graph
with vertex set {a; | ¢ = 1,...,n} and edge set {a;a;41 | ¢ = 1,...,n —1}. A
cycle C,, of length n is a graph with vertex set {a; | i = 1,...,n} and edge set
{a;aiv1]i=1,...,n—1} U{ana1}. A complete graph of order n is denoted by K,.

A topological index is a mathematical measure which correlate to the chemical
structures of any simple finite graph. They play an important role in the study of
QSAR/QSPR. There are numerous topological descriptors that have some applica-
tions in theoretical chemistry. Among these topological descriptors, the degree based
topological indices are of great importance.

The first degree based topological indices that are defined by Gutman and Trina-
jsti¢ [8] in 1972, are the first and second Zagreb indices. These indices are defined as
follows: M1(G) =Y (dg(a))?, Ma(G) = Y. dg(a)dg(b). Here Mi(G) and My (G)

acV(G) abEE(G)
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denote the first and second Zagreb index, respectively. Li and Zhao [13] introduced
the first general Zagreb index:

M, (G) = Z (dg(a))®, a€eR.
acV(G)
The general Randi¢ index (product-connectivity index), introduced by Li and Gutman
[12], is defined in the following way:

Ro(G) = Y (dg(a)da(h)®, a€cR.
abeE(G)
Then R_;/5(G) is called the Randi¢ index which was defined by Randi¢ [15] in 1975.
The general sum-connectivity index is introduced by Zhou and Trinajstié [18] and is
defined as:

Xa(G)= Y (dg(a)+dg(b)*, a€R.
abeE(G)
Then x_1/2(G) is the classical sum-connectivity index which was defined by Zhou
and Trinajstié¢ [17] in 2009. Another variant of the Randié index of G is the harmonic
index, denoted by H(G) and is defined as follows:

2
H(G) = — =2x_1(G).
= 2 @ - 2
Recently Ashrafi et al. [1] computed the exact formulae for Zagreb coindices of some
graph operations. Ashrafi et al. [2] calculated some topological indices of splices
and links of graphs. In [16], Yarahmadi computed some topological indices of tensor
product of graphs. For a detailed study on topological indices of graph operations,
we refer the reader to [3,4,6,7,9-11,14].

This paper is organized as follows. In Section 2, we present some known graph
operations. In Section 3, we give exact formulae of the general sum-connectivity index
for several graph operations. These graph operations include tensor product, union
of graphs, splices and links of graphs and Hajés construction of graphs for real values
of a. In Section 4, we compute exact formulae of the general sum-connectivity index
of some graph operations including cartesian product, strong product, composition,
join, disjunction and symmetric difference of graphs for positive integral values of a.

2. Graph operations

Let G and H be two simple connected graphs whose vertex sets are disjoint. The set
of real numbers and the set of positive integers are denoted by R and Z™T, respectively.

The tensor product of G and H, denoted by G ® H, is the graph with vertex set
V(G® H) = V(G) x V(H) and (a,b)(c,d) € E(G ® H) whenever ac € E(G) and
bd € E(H). The order and the size of G ® H are ngny and 2mgmy, respectively.
The degree of a vertex (a,b) € V(G ® H) is given by

dG®H(a, b) = dg(a)dH(b) (1)
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The union of G and H, denoted by GUH, is the graph with vertex set V(GUH) =
V(G)UV(H) and edge set E(GU H) = E(G) U E(H). The order and size of GU H
are ng + nyg and mg + my, respectively. For a € V(G U H), either a € V(G) or
a € V(H) but not both. The degree of a in G U H is given by

d [ dg(a) if a€V(G),
aun(®) =\ 4pa) it ac V(H)

Splices of graphs (also known as coalescences of graphs) were introduced by Dosli¢
[5] in 2005. A splice of G and H for given vertices a € V(G) and b € V(H), denoted
by (G e H)(a,b), is defined by identifying the vertices a and b in the union of G
and H. The order and the size of (G e H)(a,b) are ng + ng — 1 and mg + mpy,
respectively. Let x be the vertex obtained by identifying a € V(G) and b € V(H).
Then V((G e H)(a,b)) = {z}U(V(G)UV(H)) and E((G e H)(a,b)) = E(G)UE(H),
respectively. The degree of a vertex ¢ € V((G e H)(a, b)) is given by

de(c) if ceV(G),c# a,
d(Gem)(ap)(c) = ¢ du(c) if ceV(H),c#Db, (2)
de(a) + dp(b) if c=ua.
The motivation for considering these graphs comes from chemistry, where splices of
cycles serves as models of spirane molecules and models of complex molecules are
built from simpler building blocks by iterating and/or combining the splice and link
operations.

Links of graphs were introduced by Dosli¢ [5] in 2005. The link of G and H for
given vertices a € V(G) and b € V(H), denoted by (G ~ H)(a,b), is obtained by
joining the vertices @ and b by an edge in the union of G and H. The order and
the size of (G ~ H)(a,b) are ng + ng and mg + mpy + 1, respectively. The set of
vertices and edges are V((G ~ H)(a,b)) = V(G)UV(H) and E((G ~ H)(a,b)) =
(E(G) UV (H)) U {ab}, respectively. The degree of a vertex ¢ € V((G ~ H)(a,b)) is
given by

dol) i ceV(Geta
dH(C) if CGV(H)aC#bv
d(GNH)(a,b)(C) = dG(C) +1 if ¢c=a, (3)

di(c)+1 if ¢=0.

Let ad be an edge in G and bl;,be an edge in H. Then the Hajos construction of
graphs, denoted by (G A H)(ad,bb), is obtained by identifying a and b, deleting the
edges ad and bb, and adding an edge Gb. The order and size of (G A H)(ad, bb) are
ng+nu—1and mg+mpy—1, respectively. Let z be the vertex obtained by identifying
a €V(G)and b e V(H). Then V((GAH)(ad,bb)) = {z}U(V(G)\{a}) U(V(H)\{b})
and E((G A H)(ad,bb)) = (E(G) \ {aa}) U (V(H) \ {bb}) U {ab}. The degree of a
vertex ¢ € V((G A H)(ad, bb)) is given by

da(c) if ceV(G),c# a,
dGamyaans(c) =9 du(c) if ceV(H),c#b, (4)
de(a) +dg(b) —2 if c=u.

The cartesian product of G and H, denoted by GUH, is the graph with vertex set
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V(GOH) =V (G)xV(H) and (a,b)(c,d) € E(GOH) whenever [a = cand bd € E(H)]

or [ac € E(G) and b = d]. The order and size of GOH are ngny and mgng +mpng,
respectively. The degree of a vertex (a,b) € V(GOH) is given by

deon(a,b) = da(a) + du(b). (5)

The strong product of G and H, denoted by G X H, is the graph with vertex

set V(GR H) = V(G) x V(H) and (a,b)(c,d) € E(GX H) whenever [a = ¢ and

bd € E(H)] or [ac € E(G) and b =d] or [ac € E(G) and bd € E(H)]. The order and

size of GX H are ngnyg and ngmpyg +ngmg + 2mgmpy, respectively. The degree of
a vertex (a,b) € V(G H) is given by
demp(a,b) = dg(a) + dp (b) + da(a)dm (D). (6)
The composition (lexicographic product) of G and H, denoted by G[H], is the
graph with vertex set V(G[H]) = V(G) x V(H) and (a,b)(c,d) € E(G[H]) whenever
[a is adjacent to ¢ in G] or [a = ¢ and b is adjacent to d in H]. The order and
size of G[H] are ngny and mgn% + ngmy, respectively. The degree of a vertex
(a,b) € V(G[H]) is given by
dg[H] (a, b) = an(;(a) + dH(b) (7)
The join of G and H, denoted by G + H, is the graph union G U H together with
all the edges joining V(G) and V(H). The order and size of G+ H are ng + ny and
ma + mpy + ngny, respectively. The degree of a vertex a in G + H is given by
[ dg(a) +ng if a€V(G),
dayn(a) = { dy(a) +ng  if a€ V(H). (8)
The disjunction of G and H, denoted by G V H, is the graph with vertex set
V(GV H) = V(G) x V(H) and (a,b)(c,d) € E(GV H) whenever ac € E(G) or
bd € E(H). The order and size of GV H are ngny and mGn%I + mHn% —2magmuy,
respectively. The degree of a vertex (a,b) in GV H is given by
devr(a,b) = ngdg(a) + negdp(b) — dg(a)dg (b). (9)
The symmetric difference of G and H, denoted by G & H, is the graph with
vertex set V(G ® H) = V(G) x V(H) and (a,b)(¢,d) € E(G & H) whenever ac €
E(G) or bd € E(H) but not both. The order and size of G ® H are ngny and
men3; + mpn — 4memp, respectively. The degree of a vertex (a,b) in G & H is
given by

dG@H(a, b) = ang(a) + ngdH(b) — 2dg(a)dH(b)

3. Formulae of general sum-connectivity index when a € R

In this section, we derive exact formulae of general sum-connectivity index for some
graph operations defined in Section 2. In the following theorem, we compute the
general sum-connectivity index of G ® H.

THEOREM 3.1. Let G and H be two graphs such that either G or H is regular. Then
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the general sum-connectivity index of G ® H is given by the formula:

1
Xa(G®H) = 90— 1Xa(G)Xa(H)'
Proof. By equation (1) and the definition of general sum-connectivity index, we have
Xa(GRH)=2 Y > ( 1 (b) + da(c)dy (d)” . (10)

aceE(G) bdeE(H)
Without loss of generality, assume that G is a regular graph.
For each (a,b)(c,d) € E(G® H), we have dg(a) = dg(b). Thus
1
de(a)dy (bHde(c)du(d) = i(dg(a)dH(b) +dg(a)dy(b) + da(c)dy(d) + dg(c)dp(d))
1
= §(dG(a)dH(b) + d(c)du () + dg(a)du(d) + da(c)du(d)) (11)

= 5 (dal@) + dg(e))(dx (8) + dn(d)).
Then (10) together with (11) gives
(GoH)=2 > Z (da(a)du (b) + da(c)du (d))*

ac€E(G) bde E(H

= > ¥ ( a) + dg(c ))(dH(b)+dH(d))>a

aceE(G) bdeE(H)

:<22) 3" (do(a) +da(e)* (dH<b>+dH<d>)"‘=2%xa<G>><a<H>~ -

ac€E(G) bdeE(H)
EXAMPLE 3.2. Applying Theorem 3.1, the general sum-connectivity index for tensor

product of some graphs is given below:

1) Xa(Ch @ Cy,) = 23 imn, 2) Xo(Kn @ Kp) = mn[(n + 1)(m + 1)]*.

2a+1
In the following theorem, we give the general sum-connectivity index of union of
finite number of graphs. The proof is omitted since it can be easily derived.

THEOREM 3.3. Let G1,Ga,...,G,, be vertex-disjoint graphs. Then the general sum-
k

connectivity index of |J G; is given by the following formula:
i=1

k
Xa(U Gi) = Xa(G1) + Xa(G2) + ... + Xa(Gh).

i=1
EXAMPLE 3.4. Using Theorem 3.3, the general sum-connectivity index for union of
some graphs is given below:

k k k k
1) Xa (U Cm) =4%3%" n,, 2) Xa (U Pm) = 2k(3% +4%) + 4% > n,.
i=1 i=1 i=1 i=1
In the following theorem, we compute the general sum-connectivity index of splices
of two graphs G and H for given vertices a and b.
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THEOREM 3.5. Let G and H be two graphs. Then the general sum-connectivity index
of (G e H)(a, b) is given by the formula:

Xao (G & H)(a, @)+ _[(de(a) + du(b) + da(d)* — (dg(a) + de(d))]
dENc(a)

X () + S 1A (6) + de(a) + dia (@) — (da (8) + dia ()°].
deN (b)

Proof. By equation (2) and the definition of general sum-connectivity index, we have

Xa (GeH)(a,b) = > (do(c) +da(d)™ + D (du(c) +du(d))”

cdEE(G) cd€E(H)

c,d#a c,d#b
+ Y (de(o) +da(d) +da(®)*+ Y (de(a) + du(c) + du(d))”
cd€E(G),c=a cdeE(H),c=b
dev (@) deV (H)

=Xa(G) = > (dg(a) + da(d)* + xa(H) = Y _(dg(b) + dg(d)®

deNg(a) deNg (b)
+ch ) +du(b) +da(d +ZdH ) +dg(a) +du(d)®
deNg(a) d€Np (b)
= xa(@) + Y _[(da(a) + du (b) + da(d)* — (da(a) + d(d))”]
deNg(a)
+ Xa(H) + Y _[(dr(b) + de(a) + du(d)* = (dg (b) + du ()] O
deNH (b)

ExXAMPLE 3.6. Applying Theorem 3.5, the general sum-connectivity index for splices
of K,, and (), is given below:

Xo((Ky 0 C)(a,b) =2 "n(n — 1)* +4%(m — 2) +2%(n — )(n® + (n — 1)*) 4+ 2(n + 3)*.

In the following theorem, we compute the general sum-connectivity index of links
of two graphs G and H for given vertices a and b.

THEOREM 3.7. Let G and H be two graphs. Then the general sum-connectivity index
of (G ~ H)(a,b) is given by the formula:
Xa (G ~ H)(a,b) = xa(G) + xa(H) + Y _[(da(a) + 1+ dc(d))* = (dg(a) + da(d))?]
dGNc;(a)
+ (da(a) + du (b) +2)* + Y _[( dH )+ 14 dp (d)® — (de(b) + dp (d))*] .

deNg (b

Proof. Equation (3) and the definition of general sum-connectivity index give

Xo (G~ H)(a,0)) = Y (da(c) +da(d)* + Y (du(c) + du(d))”

cdeE(G) cde E(H)
c,d#a c,d#b
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+(da(a) +du(®) +2)"+ D (do(0) +1+da(d)*+ > (du(c)+1+du(d)”

cdeE(G),c=a cdeE(H),c=b
dev(G) deV (H)
= Xa(G) = > (da(a) + da(d)® + xa(H) — > (du(b) + du(d))®
deNg(a) deNg (b)
+ (da(a) + du(d) +2)* + Y (da(a) +1+da(d)™ + > (du(b) + 1+ du(d))”
deNG(a) deNg (b)
= Xa(@) + Xa(H) + Y _[(d(a) + 1+ da(d)* = (dg(a) + da(d))"]
dENG(a)
+ (de(a) +du () +2)* + D _[(du(b) + 1 +du(d)™ — (du(b) + du(d))"]. O
deN (b)

ExaMPLE 3.8. Applying Theorem 3.7, the general sum-connectivity index of
(P, ~ Cp)(a,b) is given by xa((Pn ~ Cm)(a,b)) = 2°+1(2 x 3%m + m(n — 3)4%).

THEOREM 3.9. Let G and H be two graphs. Then the general sum-connectivity index
of (G A H)(aa,bd) is given by the formula:

Xa((G A H)(ad bé)) = Xa(G) + Xa(H) + (d (@) + du(5))"

+ Y (de(a)+du(d) —2+de(d)* — Y (de(a) + de(d)”
a#deN(a) deNg(a)
+ ) (du®) +dala) =2+ du(d)* = > (du(b) +du(d)™.
bde N (b) deNg (b)

Proof. By equation (4) and the definition of general sum-connectivity index, we get

Xa((G A H)(ad,bb)) = (da(c) + da(d)™ + (du(c) + du(d)* + (da(a) + du (B)*

cd€E(G) cd€E(H)
c,d#a c,d#b

+ > (do(e) +du(b) =2+ da(d)*+ Y (du(c) +da(a) — 2+ du(d)®

cd€E(G),c=a cdeE(H),c=b

4#deV(G) b£deV (H)

= Xa(G) = (da(a) + da(d)* = > (da(a) + da(d)™ + Xa(H) — (du (b) + du (b))

4#dENG(a)

= > (du®) +du(@d)* + > (do(a) + du(b) — 2+ dg(d)”

b£de Ny (b) G#dENG(a)

+ > (du(b) +da(a) = 2+ du(d)* + (da () + dr (b))

b#£de Ny (b)

= Xa(@) + Xa(H) + (da(@) + du(0))* + D (da(a) + du(b) — 2+ da(d))”

4a#deENgG(a)

=Y (dea) +da(d)* + D (du(b) +da(a) — 2+ du(d)® = > (du(b) + du(d))*.
deN(a) b#dE N (b) deN(b)

O
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ExamMpLE 3.10. Applying Theorem 3.9, the general sum-connectivity index of
(Cp, ~ Kp,)(ad’,bb') is given by:
Xo((Cr ~ Kp)(ad',bb')) = (n — 2)4% +2(m + 1)® +2°"Hm — 1)*(m* —m — 2).

4. Formulae of general sum-connectivity index when o € Z

In this section, we derive exact formulae of general sum-connectivity index for some
graph operations defined in Section 2 when a € Z.

THEOREM 4.1. Let G and H be two graphs and o € Z. Then the general sum-
connectivity index of GOH is given by the formula:

+(GOH) 22”( « ) (G e (H) + My (H)xa ().

a—n
Proof. By equation (5) and the definition of general sum-connectivity index, we have

Xo(GOH)= > > (2dg(u)+ dp(b) + d(d)
weV(G) bde E(H)

+ Y Y (2du() +dala) + dalc))”. (12)

aceE(G)veV(H)
Now, for u,a,c € V(G) and v,b,d € V(H), using binomial expansion, we obtain

<2da<u>+<dH<b>+dH<d>>>a:Zzn<ao‘ Jaatw)" () + @), (13)

(@(0) + (ot + o) = 32 (| )" (doe) +date) . (1
n=0
Using equations (13) and (14) in equation (12), we get

JGom = Y% Zzn( ")) dn(0) + du(@)

weV(G) bde E(H) n=0

+ > D ZQ”(afn>dH<v>”<dc<a>+de(c>>a“

ac€E(G) veV (H)n=0

=Y o <a “ n) > da@)™ Y (du () +du(d)* "
n=0

weV(Q) bde E(H)
' Zz( *) > dule) 3 (dale)-+dole)
n= veV (H acEE(G
zggn(afn>M( Xan( +Z2”(afn> n(H)Xa—n(G).
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ExAMPLE 4.2. Using Theorem 4.1, the general sum-connectivity index of cartesian
pI'OdIlCt of Ol and C’rn is Xa(ClDCnL) = 23°‘+1lm.

In the following theorem, we compute the general sum-connectivity index of GKH .

THEOREM 4.3. Let G and H be two graphs such that either G or H is regular and
o € Z. Then the general sum-connectivity index of G H is given by the formula:

o(GRH) Zzn1<ain>’<” )ZQn_B<nﬁﬁ>Xa—n+ﬂ(H) (15)
+Z<afn) ZQ" B( ! )XaJrﬁ n Zzn ﬁ< " )XaJrﬁ w(G))-

Proof. By equation (6) and the definition of general sum-connectivity index, we get

Y(GRH) = 3 S 2da(u) + (du(b) + da(d)) + de (u)(din (b) + dia(d)))
€V (G) bde E(H)

Y Y Qi) + (dola) + da(e)) + da (0)(dala) + da ()"

ac€EE(G)veV (H)

+2 ) > ((dela) + da(0) + (du(b) + du(d) + (de(a)dm (b) + da(c)dr (d)))

ac€ B(G) bde E(H)
Now, for u € V(G) and b,d € V(H), using binomial expansion, we obtain
(2de(u) + (du (b) + du(d)) + da(u)(du (b) + du(d)))”

- ni() <oz f n) da(u)" ; " (n ﬁ B) (dm(b) + dp (d))> 0. (16)

Similarly, for v € V(H) and a,c € V(G), we obtain
(2dn (v) + (dg(a) + da() + du(v)(da(a) + dg(c)))

:nz:) (a Cj n) dr(v)" zn: on—>5 (n ﬁ ﬂ) (de(a) + dg(c))> . (17)

B=0
Without loss of generality, assume that G is a regular graph. Then for (a,b)(c,d) €
E(GX H), we obtain

do(a)dn (5) + de(e)dn (d) = 3 (de(@)dn(b) + da(a)dn (¥) + de(c)dn (d) + da ()din ()
= (de(@)dn(b) + da()din(b) + da(a)dn (d) + da(di ()
= 56 (@) + da () (du (b) + dun(d).

Using binomial expansion, we get

(da(a) + da(c)) + (du (b) + du(d) + (dg(a)du (b) + da(c)du(d))”



276 Exact formulae of general sum-connectivity index

= ZO 2’”171 (a i n) (da(a) + dG(C))” Z gn—>_8 (n f ﬁ) (du (b) + dH(d))a_TH—ﬁ, (18)

B=0
Using equations (16)—(18) in equation (3), we get

J(GRH) = Y Y Z( )dG(u)"iz"ﬁ <n”5> (dp (b) + dp (d)* "
B=0

uweV(G) bde E(H) n=0

S SRV oY (R T ot (RN [

ace E(G)veV (H) n=0

+ Z Z iznlfl (ai )(dG +dG ZQ” B( n > dH(b)+dH(d))a—n+5

ac€ B(G) bd€ E(H) n=0

= <afn> S dolwy 32 ﬂ( ) > (du(®) +du(d)*
n=0 B=0 bde E(H)

uweV(G)
+Z< ’ ) > dH(w”Z?" "( ) > (dala) +da(e)
n=0 a-n veV(H) B=0 ac€E(G)
+223_1< - ) > (da(a) +dae 22" ( : ) > () +dn(d)" ",
n=0 a—n accE(G) B /B bd€ E(H)

Thus, (15) holds. U

ExaMPLE 4.4. Using Theorem 4.3, the general sum-connectivity index of strong prod-

uct of Cy and P, is given by:
1 2nt+2]
s e
B=0

n=0
+ 498 (m — 2) I RV
m 4qm 2n+1 22n 1 m=
In the following theorem, we give the general sum-connectivity index of composi-

tion of two graphs.

THEOREM 4.5. Let G and H be two graphs such that either G or H is regular and
a € Z. Then the general sum-connectivity index of G[H] is given by the formula:

[e3

(@) =30 ()2 b MG (01

k

’ ;:o <0‘ - k)n%kxak(G) 2 ( kcnﬁ) 5(H)My—p(H). (19)

B=0
Proof. Equation (7) and the definition of general sum-connectivity index give

Z Z 2ngda(w) + (dg(u) + dg(v)))“

weV(G) weE(H)
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+ Y > Y (na(dela) +da(e) + (d (u) + di(v)))*. (20)

ac€B(G) ueV (H) veV (H)
Now, for w € V(G) and w,v € V(H), by using binomial expansion, we get
(2npde(w) + (di(v) + di (v))* =

[e3%

> (a ’ k) 2 nlyde (w)* (d(w) + di (0)* . (21)
k=0
Similarly, for a,c € V(G) and u,v € V(H), we obtain

(nu(da(a) +dg(c)) + (da(uw) +da(v))* =

i (aak> ~F(dg(a) + da(c)*” kz (k kﬂ>dH( Ydg()<B.  (22)

k=0 B=0
Equation (20) along with equations (21) and (22) gives

> 2 i(af k)?’“n%dc<w>’“(dH(u>+dH<v))a"“

weV(G) uwweE(H) k=0

S VR VD b o) (S FS U RATE i o] AN PE R

acE€EE(G) ueV (H) veV (H) k=0

_Z<afk)2knz > dew)* > (du(u) + du(v)**
k=0

weV(G) uwweE(H)
a k
«@ o o k _
53] I D DRTRERRHEIES ol (RN I o ZURD DRI
k=0 aceE(G) B=0 weV (H) vEV (H)
Thus the required result is given by (19). O

EXAMPLE 4.6. Using Theorem 4.5, we obtain the general sum-connectivity index of
the fence graph P,[Pz] below:

Xo (Pn[P2]) =
i <a i k) 207k (2 x 397F 4 (n — 2)4%7F) Z4<k —kaﬂ> [1 248 48 4k+1] .
ho B=0

In the following theorem, we compute the general sum-connectivity index of join
of finite number of graphs for a € Z.

THEOREM 4.7. Let o € Z and G1,Gs,...,G, be vertex-disjoint graphs with V; =
V(Gi) and E; = E(G;), 1 <i<n, G=G1+Gz2+ ...+ G, and V =V (G). Then
the general sum-connectivity index of join of graphs is given by formula:

222k< ¢ >IV| Vil)*Xa—1r(G:) (23)

i=1 k=0
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2 > (0 )em-wi- |V|a’@Z(,@’“B)MMGOM,C_;;(G».

1#]1] 1 k=0

Proof. By equation (8) and the definition of general sum-connectivity index, we obtain

ZZ ((dg, (u) + de, (v)) + 2(]V] = [Vi]))°

=1 uwvekE;

S Y S (e () +day () + @IV - Vi~ VD (24)

i#,1,j=1ueV; veV;

w\»—t

Now, for u,v € V;, 1 <1i <n, we use binomial expansion to obtain

(de, (w)+da, (v) + 2([V] = [Vi])* =
ZQk( - )|V| ViD)* (dg (u) + da, (v))* . (25)

Similarly, for u € V(G;) and v € V(Gj), 1 < 14,5 < n, we obtain
((dg, (u)+dg; (v)) + V] = Vi = [V;])*

i(aak)@IVI Vil = [V; D)™~ kz<kkﬁ>dc( Vde, (v). (26)

k=0 =0

Using equations (25) and (26) in equation (24), we get

nd
A=> > Zz’“< >|V| Vi)* (e, (u) + de, (v)*
i=1 uv€E; k=0
(a >2|V| Vil — |V|Mz<k‘“ﬁ>dc<>ﬂdaj<v>kﬁ
B=0

3 2 XX
¥ zk< ) VI- VS (e +do, )

o

zqéj i,j=1ueV; veV; k=0

i=1k uveEE;
L1 ~ < =
P> Z(a )2|V| ~1vi) kz<k ﬂ>2dc Y de, (v
i#7,1,j=1 k=0 ueV; veV;
After simplification, we get exactly (23). U

EXAMPLE 4.8. Using Theorem 4.7, the general sum-connectivity index of join of P,
and P, is given below:

Xa(Po+ Pn) =Y (a “ n) [2 x 3% (m* +n*) + 4% (mF (n — 2) + n*(m — 2))
k=0
k

(n+m)* 3 (k K B) (44 (m — 22225 4 9 — 948 4 (n — 2)(m — 2)4%) |

Jr

N | =
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In the following theorem, we compute the general sum-connectivity index of GV H.

THEOREM 4.9. Let G and H be two graphs such that either G or H is reqular and
«a € Z. Then the general sum-connectivity index of GV H is given by the formula:

Proof. Equation (9) and the definition of general sum-connectivity index imply

Xo(GV H) = (27)
YYD (nu(de(a) +da(c) +na(du(b) +du(d)) —(de(a)du (b) +da(c)du (d)))

a€V(Q) c€V(G) bdc E(H)

+> > > (nulde(a) +da(e) +na(du(b) +du(d) —(de(a)dm (b) +da(c)dr (d)))”

ac€E(G) beV (H) deV (H)

*42( : Z( )nH (da(a) +da(c)) +nc(du(b) +du(d)) —(dg(a)du (b) +da(c)du(d)))”.
ac€E(G) bdeE(H

Now, for a,c € V(G) and b,d € V(H), we obtain the following by using binomial
expansion:

(n11(de@) + da(0) + naldir () + () ~ (do(@)dzs () + do () (@)*
:ai “ na_kk g dg(a)"dg(c)F—™
sz(a_k) 3 (1) eraete

St caya (i o - anaye

Similarly, for a,c € V(G) and b,d € V(H), using binomial expansion, we obtain
(na(du(b) + du(d)) + nu(da(a) + da(c)) = (da(a)dn (b) + da(c)du(d)))

« k
1 o a— k n -n
:Z Qk(a _ k)nH : Z (k’ _ n)dH(b) dH(d)k
k=0 n=0

k
Sty (F ) o+ eyt @)

n=0 B
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Without loss of generality, assume that G is a regular graph. Then (a,b)(c,d) €
E(GV H), we obtain

da(a)du(b) + da(c)du(d) = %(dc(a)dH (0) + da(a)du (b) + da(c)du(d) + da(c)du(d))

= %(dG(a)dH (b) + dG(C)dH (b) + dc(a)dH (d) +da(c)du (d)) = %(dc (a) + da(c))(du(b) + dH(d)).

Using binomial expansion, we obtain

(nm(da(a) + da(e) + na(du(b) + du(d)) — (de(a)du (b) + da(c)du(d)*  (30)

:§;<ai> H(da(a) + do(c Z ”2’“"Z"(kfn)wff(bwdﬂwna’“*”.

n=0
Using equations (28)—(30) in equation (27), we get

g zzzz( )

a€V(G) ceV(G) bde E(H) k=0

> (kf >dc Y g "(k f n) (du (b) + du(d))* " "

n=0 n=0

1 -
Y Y Y zk( )
ac€E(G) beV (H) deV (H) k=0
k k

> (k f n) du (b)"du (d)*" > my " (—1) 25" (k k n) (da(a) + da(c)* ™"

n=0 n=0

SIP D DI o B IESHIT) o PR SO

ac€E(G) bde E(H) k=0 n=0

k
- ;c(ac_)‘k>ng—kz<kfn> Z da(a)” Z da(e)"~

k=0 aceV(GQ) ceV(G)
, n—1 nak—m k at+n—k
Soutnr2 () ST a () + dua))
n=0 bdeE(H)
« k
1 « a—k k—n
Talt )i () S wer 2w
k=0 n=0 beV (H) deV (H)
k k—n nak—m k a+n—k
S k(=12 (k_n> > (dol@) + da(e))
n=0 ac€E(G)
- 1 [e% a—k k - nok—n_k—n k
Y oY et S (et@) +de(e)t Y-yl F
k=0 aceE(G) n=0

D (du(b) +du(d)* T

bde E(H)

Thus the statement of the theorem is true. ]
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EXAMPLE 4.10. Using Theorem 4.9, the general sum-connectivity index of C; Vv Cp,
is given below:

o k k k
T KA KA

k=0 n=

k X .
+ ZO (k f n) k2 Z (k f n) (—1)"2mt2e _ g+ Z <k f n) (_1)n2n+2a]‘

n=0 n=0

In the following theorem, we give the general sum-connectivity index of symmetric
difference of two graphs for v € Z*. The proof is similar to the proof of Theorem 4.9,
hence omitted.

THEOREM 4.11. Let G and H be two graphs such that either G or H is regular and
«a € Z. Then the general sum-connectivity index of G ® H is given by the formula:

Xo(G @ H) =
« o k k k k
Z(a_k>nac_k <k_n>M ( Mk n Z (k—n)XaJrnk(H)
k=0 n=0 n=0
k
2 e

[ «a ok k
a—k
+ (a — k> Tt <k: — n) My (H) Mis—n (k — n) Xatn—+(G)
k=0 n=0
- « b k
a—k n_k—n
23 <a . k) & xu(€) Do (-1)" (k ¥ n) Xekin(H).
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