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QUANTITATIVE ESTIMATES FOR MODIFIED BETA OPERATORS

Giilen Bascanbaz-Tunca, Aysegiil Erencin, Hatice Giil Ince-ilarslan

Abstract. In this paper, we introduce a sequence of positive linear Beta type opera-
tors based on a function 7 having certain properties. We firstly give some approximation
properties of these operators. Next, we establish Voronovskaja type and Griiss-Voronovskaja
type theorems in quantitative form with the help of the first order Ditzian-Totik modulus of
smoothness.

1. Introduction

It is well-known that the classical Bernstein polynomials for f € C[0, 1],

n
k
Batte) = Bt =3 ()0 ety (1) wen men
reproduce the functions e;(z) = 2 (i = 0,1), namely, B, (e;;z) = e;(x). For these
polynomials B, (e2;x) # ea(z) = 2.
In [15], as a generalization of the classical Bernstein polynomials, King introduced
a sequence of positive linear operators given by
. k(K
TREDY (1) et a =) s ()5 wepol nen
where 0 < r,(z) < 1 are continuous functions and f € C0,1]. For the function
r¥(z) which is a special case of r,(x), the author proved that V,, (eg;x) = eo(x),
Vi (e2;2) = ea(x) and limy, 0o Vi (f;2) = f(x) for each f € C[0,1], = € [0,1].
Moreover, King obtained some estimates in terms of the usual modulus of continuity
and also showed that the order of approximation of V,, (f;z) to f(z) is at least as good
as for the classical Bernstein polynomials whenever z € [0, %) Thereafter, Gonska
and Pitul [11] discussed different properties and iterates of V,, (f; ) with v} (z). Later,
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n [12] Gonska et al., via a function 7 such that 7 € C[0, 1] is strictly increasing and
7(0) =0, 7(1) = 1, constructed a sequence of King-type operators as follows:

Van = (an) OTp = (an) o (BnT)il or, fE€ C[Ov 1]
The authors proved convergence and Voronovskaja type theorems and studied global
smoothness and shape preservation properties of such operators. Recently, Cérdenas-
Morales et al. [6] introduced the following sequence of Bernstein type operators for
f € C]0,1] and any functions 7 being oo-times continuously differentiable on [0, 1]
such that 7(0) =0, 7(1) =1 and 7/(x) > 0 on [0, 1],

" /n _ k
B =3 () e 0 o (o (7).

They investigated their shape preserving and convergence properties and also their
asymptotic behavior and saturation. Furthermore, for a particular case of 7 by com-
paring B,,, V.7 and B} with each other, it was shown that in certain classes of functions
B7 has a better estimate than B,. We remark that Cédrdenas-Morales et al. [7] es-
tablished a Voronovskaja type asymptotic formula for the operators B;. Motivated
by the above ideas several authors studied modified approximation operators of these
types, which can lead to a better error estimate than the original ones depending on
the choice of 7 (for instance see [2,4]).

In 1932, Voronovskaja [19] obtained the following asymptotic result on the differ-

ence f(z) — Bn (f;2).

THEOREM 1.1 ([8, p. 307]). If f is bounded on [0,1], differentiable in some neigh-
borhood of x, and has second derivative f''(x) for some x € [0,1], then
. z(l—=z
Tim n[B, (fi2) — f(a)] = "D ),

If f € C?[0,1], the convergence is uniform.
In [14], Griiss proved the following.

THEOREM 1.2 ([17]). Suppose f,g : [a,b] — R are integrable, my < f(x) < My and
mg < g(x) < M, for all x € [a,b]. Then
L[ s

7a/f dw—i/f dx

This theorem gives an estimate for the difference between the integral of the
product of two functions and the product of integrals of these functions.

Applications of Griiss inequality in approximation theory were initially introduced
by Acu et al. in [3]. In this paper, the authors gave Griiss-type inequalities for positive
linear operators with the help of the least concave majorant of modulus of continuity.
Later, in [13], Gonska and Tachev, using the second order moduli of smoothness,
presented Griiss-type inequalities for positive linear operators and obtained some im-
pressive results for Bernstein polynomials. In 2015, Gal and Gonska [10] introduced
Voronovskaja type estimates via Griiss-type inequality for Bernstein operators and

1
4

(Mp —mg)(My —myg).
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called them Griiss-Voronovskaja type estimates. Inspired by this paper, several au-
thors studied Griiss-Voronovskaja type theorems for some sequences of positive linear
operators.

Let, as in the definition of B}, 7 be any oco-times continuously differentiable func-
tion such that 7(0) = 0, 7(1) = 1 and 7/(z) > 0 on [0, 1]. In this paper, we consider
the sequence of positive linear operators 3], defined by

£(0), ) =0
BT (fix) = p;(x)/ @=L =A@ (Fo T (1) dt, 2 € (0,1) (1)
0
f(1), r=1
1

where P (z) := Blnr(@),n(l —7(@))) with the well-known beta function B(.,.),

x €10,1], n € Nand f € C[0,1]. We remark that if we set 7(z) = x the operators
given by (1) reduce to the Beta operators (see, e.g. [5]),

cx) = ; ' nr—1 _ p\n(l-z)-1 "
i) = Sy J, O O 0 ee o)
f(l)a z=1

which are a slight modification of the Beta operators presented by Lupag [18]. It is
obvious that 8] f = (B, (for™1))or.

In the present article, we firstly introduce some approximation properties of 37 .
Further, we prove Voronovskaja type and Griiss Voronovskaja type theorems in quan-
titative form with the help of the first order Ditzian-Totik modulus of smoothness.

2. Auxiliary results

In order to derive our main results we first give some necessary lemmas. The first
one can be easily proved by using the beta function B(u,v) = fol te=H(1 —t)vLat,
u,v > 0 and the definition of the operators 5.

LEMMA 2.1. For the operators 3], we have
Brn(Liz)=1,  Br(rz)=T(2)
n?(z) + 7()

2N
g (r2iz) = DT
87 (Fsa) = n?7m3(z) + 3n7%(z) + 27(2)
ma (n+1)(n+2)
and BT () = n3r4(z) + 6n%r3(z) + 11n7?(x) + 67(x)

(n+1)(n+2)(n+3)
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LEMMA 2.2. For the operators 3], we have
N:L,(](‘/'E) =1, N;J(x) =0,

T _ ‘P?—(‘T)
.U’n,2(x) - n -+ 1
and ur 4(x) _ [3(71 - 6)cp72_(x) + 6] gaf(:c)

(n+1)(n+2)(n+3)
where % (x) = 7(z) (1 — 7(x)) and p], ,,(x) = 5 ((r(t) —7(x))™ ;z), m=0,1,2,4.

Proof. In terms of Lemma 2.1 and the equality

1 ! 1 n(l—7(z))—1 m
) = [ et t— ()" dt
' B(nT(J;),n(l —T(x))) 0 ( )
we can prove easily Lemma 2.2. O

THEOREM 2.3. Let f € C[0,1]. Then BT f converges uniformly to f on [0, 1].

Proof. When we use the definition of 87, Lemma 2.1 and the well-known Korovkin
theorem (see [16]), by taking into account the fact that {eo, 7,72} is an extended com-

plete Tchebychev system on [0, 1] (see [6]), we can say that S f converges uniformly
to f on [0,1]. U

Further on, throughout the paper, we suppose that inf,ejo 1 7'(z) > a, a € RT.

THEOREM 2.4. For any f € C?[0,1] and x € [0,1] one has
2 " / "
r er(x) (I N
x) — <
5710) - ()] < gorns (W04 IEIEL),
where || - || denotes the usual sup norm on C[0,1].

Proof. Applying 87 to the both sides of the Taylor expansion of f o771,

FO) = (for ™) (r@®) = (for @) + (for ) (r(2)) (7(t) — ()

7(t) ”
—|—/ (T(t) — u) (f o 7'71) (u) du (2)
T(t) 1
/ (7(t) —u) (fOT_l) (u) du =

()
; x) . (3)
()

and using Lemma 2.2, we can write
) O e ) W)
f €O i~ Ly 00 iy

then from (3) we reach the desired result. Thus the proof is completed. O

T(t) 1
/( ) (1(t) —w) (fOTil) (u) du

If we take into consideration the following inequality given in [2],

|6 (f32) = f(z)] < 62(

U,
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REMARK 2.5. If we take 7(x) = = in Theorem 2.4, then we have

. — f(z ‘T(l_m) "
Ba () = F@)] < 53 15711

3. Voronovskaja and Griiss-Voronovskaja type theorems

In this part, we present Voronovskaja and Griiss-Voronovskaja type quantitative esti-
mates in terms of the first order Ditzian-Totik modulus of smoothness. For this aim,
we introduce some needful definitions and notations given in [4] and [9]. The first order
Ditzian-Totik modulus of smoothness w, (f;t) and the corresponding K-functional
K, (f;t) for f € C[0,1] are defined by

W, (f38) = sup {‘f (2 225 ) —r (o - 552) \ 1o g 11}

0<h<t

and Ky, (fit)= _inf {|If =gl +tlergll} (¢ > 0),

9EW,[0,1]

where ¢, (z) = /7(z)(1 — 7(x)) and W,_[0,1] = {g 19 € AC16c[0,1], |lord'|] < oo}.
g € ACc[0, 1] means that g is absolutely continuous on every closed finite interval

[e,d] € (0,1). It is well-known that for a constant M > 0 the following inequality
holds

Ko, (fit) < Mw,, (f3t). (4)
We now give the following quantitative Voronovskaja type result.

THEOREM 3.1. For any f € C2[0,1], z € [0,1] and n € N, one has

2 T " "
B (1) ~F@)~ 5 (For1) (r())| < Mepr (e, ((F077)" 1 85(@))

2(n+1)
where M > 0 is a constant and t],(z) := 2 %.

n

Proof. Since

()
/ o, =0 (for™) (r@)du= 5 (for™) (@)1 ()

by the Taylor’s expansion (2), we can write

F-F@)= (f o) (@) (r(0)—r(2)) ~ 5

T(t) Vi 1"
/ (r(t)—u) (F o 7" () du— / (r(t)—u) (f o))" (r(x)) du
7(x) 7(x)

7(t) ) ”
/T(x) (1(t)—u) |:(f07'71) (u)— (f 0771) ('r(x))} du
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and so
/”L:L,Q(x)
2

57 (fs2) — Fla) -
T(t) 12 1

<oi(| [ o -u|(ror ) @ - (For ) (@) du
(@)

Using the following inequality computed in [4] for g € W,,_[0, 1],

T(t) " 1
r(t) =l [(f o) (W) = (f oY) (7(x))| du

(for ™) (r(z))

)

()

<[(ror =g ) - i@ + L) - o

we can write

51750~ 1) - 2 (fo 1) o1
<[[(For )" = g upat@) + QG":’T(Q)”,@T (17(t) - 7(@)[*;2) .

If we apply the Cauchy-Schwarz inequality and use Lemma 2.2, then we get

87 (fi2) = f(o) “5’;(””) (for ) <7<x>>\

2 %g
HZ,Q(I)+ H || n2 \/:un4

ap, (x
2 2||9079 I 3(n—6)p2(z) +6
R L |
Since ¢2(x) < p,(z) for z € [0,1] it follows that

a (n+2)(n+3)
T . _ _ 9072'(‘%') —1\"
fs2) = @) = 5 (for ™) (rla))

2H<prg||
<2 oy - of 22zl 3B w61,

|8 (i) - @) - 22‘;;1)1 (For ) (rla >>]

- (x) H H 2||<P79H
T n+1 { for” - ”+3 .

Taking the infimum on the right-hand side of the last 1nequahty over all g € W, _[0,1],
we obtain

5 (50 = 1) - 52 (For ) )

< H(f or ) —yg

and thus

< o @Ky, ((for ™) t7(@))
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Hence, using the relation (4) the proof is completed.

REMARK 3.2. From Theorem 3.1, it follows that
2
. T T\ —
T n[] (f12) — £(2)] = 57 (Fo 1) (n(a),

and if we take 7(z) = z, then we have

lim (8, (fi2) = f(@)] = =5 f"(x

n— oo

which was obtained in [1].

Finally, we introduce the following quantitative Griiss-Voronovskaja type theorem.

THEOREM 3.3. For any f,g € C?[0,1], x € [0,1] and n € N, one has

o e BT (2 BT (0 gy £r@) (@) (@)
ﬁn(fgv ) ﬁn(.ﬂ )671(97 ) n+1 [T'(.’L‘)f

n

gcmm{w% ((Fgor™)"st2@)) + lglwy, ((for™)"sth(@)

1w, ((go77)) " t2(@)

L_" [ il 1 7
(n+1)2 \ a2 a3 a? ad ’

where C > 0 is a constant.

Proof. As an analogue of the decomposition formula given in [10], we can write

Br (fgiw) — By (f32) BT (g52) — ki, 2(2) f/[(:/c()j;](f)

= [sr 050 - o)) - 222 (107" 1)

st |37 10 = 1) - 22 (707 o)

~ f(@) [ﬂ; (g:2) — g(a) — “:“;(x) (gor)" <T<x>>}

+ l9(x) = 57 (g )] (B, (f52) — f()].
Using Lemma 2.2, this equality leads to

o) B (o) i ) £ P @) @)
5n(fgv ) Bn(f’ )ﬂn(g’ ) 7’L+1 [T’(SC)F

B2 (f00) - (J)@) - 52 (fg0 ) (7(0)

<
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+lg(z)] ey

2 X "
87 (fix) - fla) — 270 (for) <T<x>>\

2 Z "
1[5 052) - ale) — 520 (g0 ) ()|

+ lg(@) = B, (g: )] 16, (f:2) — f(2)].
Hence, from Theorems 2.4 and 3.1 it follows that

|87 (o a) — 7 (-0 67 (0 ) £r@) [ (@)g (@)
Bn(fgv ) n(f7 )Bn(gv ) TL+1 [T’(%)]Q

SMgoT(x){w% ((Fger™)"st2@)) +ligllw, ((For™)"st0(a))

A, ((gor™)" 7)) }
L ) (U2, WY (10, DT,

4n+1)2 \ a? a® a? a’
If we use the inequality ¢2(z) < ¢ (z) for = € [0,1] and take C := max{M, 1}, then
we obtain

ei(@) f ’w)g/( )

so%(x){w% ((Fgor™) "85 @) +ligllwy, ((For™)"sth(@))
+ 1w, (907" sth()

4" [ ol 1 A
(n+1)2 \ a? a® a? a3 ’

which is the desired result. O

REMARK 3.4. From Theorem 3.3, it follows that

lim n (8] (fg;2) — B, (f;2) By, (9:2) ] = o2 (2) ——"—5*

n—oo
and if we take 7(z) = x, then we have

i n[B, (fgix) = 8] (f32) B} (g:2) | = 2(1 — ) f'(x)g ().
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