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LINEAR COMBINATIONS OF UNIVALENT HARMONIC
MAPPINGS WITH COMPLEX COEFFICIENTS

Deepali Khurana, Raj Kumar, Sushma Gupta and Sukhjit Singh

Abstract. We study the linear combinations f(z) = Afi(z) + (1 — A) f2(2) of two uni-
valent harmonic mappings fi1 and f2 in the cases when A is some complex number. We
determine the radius of close-to-convexity of f and establish some sufficient conditions for f
to be locally-univalent and sense-preserving. Some known results reduce to particular cases
of our general results.

1. Introduction and preliminaries

A complex-valued harmonic function f in the open unit disk D = {z € C: |z| < 1}
can be represented as f(z) = h(z) + g(z), where both h and ¢ are analytic in D.
The collection of all such functions is denoted by H. In 1936, Lewy [6] proved that a
harmonic function f € H, f(z) = h(z)+g(%), is sense-preserving and locally-univalent,
if and only if its Jacobian, J¢(z) = |h/(2)|* — |¢'(2)|?, is positive or equivalently the
dilatation function w(z) = ¢’'(2)/h/(2), h'(z) # 0 in D, has the property |w(z)| < 1 in
D. We denote by Sy the subclass of H consisting of harmonic sense-preserving and
univalent functions in D) normalized by the conditions f(0) = 0 and f,(0) = 1. Such

mappings can be represented as

) =hz) +9(E) =2+ anz"+ Y bpz", z€D.
n=2 n=1

Additionally, if a function f also satisfies fz(0) = 0, then the class of such functions is
denoted by S9,. The classical family S of normalized, univalent and analytic functions
in D is a subclass of Sy, with g(z) = 0.

A domain  C C is said to be convex in the direction ¢ € [0, 7) if the intersection
of  and every line parallel to the one passing through the origin and e*# is connected
or empty. In particular, a domain is convex in the horizontal direction (CHD) if

2020 Mathematics Subject Classification: 30C45.

Keywords and phrases: Univalent harmonic mappings; linear combination; convex in the
horizontal direction.

189



190 Linear combinations of univalent harmonic mappings

every line parallel to the real axis has either an empty or a connected intersection
with the domain. A domain convex in every direction is a convex domain. A function
is said to be convex in the direction ¢ if it maps the open unit disk D onto a domain
convex in the direction ¢. A domain 2 C C is close-to-convex if the complement of
Q can be written as the union of non intersecting half lines. A normalized analytic
function f in D is close-to-convex if there exists an analytic convex function ¢ in D

such that 9e (f '<z)> >0, 2 € D. Clunie and Sheil-Small [2] obtained the following
sufficient condition for a harmonic function to be close-to-convex.

LEMMA 1.1. If h, g are analytic in D with |h'(0)| > |¢’(0)| and h(z) + eg(z) is close-
to-convex for each € with |e| = 1, then f(z) = h(z) 4+ g(2) is harmonic close-to-convex
in D.

As a consequence of the above lemma several other sufficient conditions for a
harmonic function to be close-to-convex have been established, for example see [1,4,
11,12]. In particular, we recall the following sufficient conditions for close-to-convexity
of a harmonic function.

THEOREM 1.2 ([11]). Let f(z) = h(z) + g(2), where h and g are analytic functions in
D such that h(0) = g(0) = 0 and K’ (0) = 1. Further, let ¢ be univalent, analytic and
9'(z)

convex in D. If [ satisfies
0 h’(Z’))
e (¢55) > |50

for all z € D and for some real 8, then f is sense-preserving, harmonic univalent and
close-to-convez in D.

THEOREM 1.3 ([1]). Let f(z) = h(z) + g(2) be a sense-preserving harmonic mapping
in D, where h € S* and g(0) = 0. If H and G are analytic functions defined by the
relations zH'(2) = h(z2), 2G'(z) = —g(2), H(0) = G(0) = 0, then for each |\ <1,

the harmonic function Fy(z) = H(z) + AG(z) is sense-preserving and close-to-convex
in D. In particular, F(z) = H(z) + G(2) is a close-to-convex mapping in D.

For two analytic functions f; and fo and a real number A, 0 < A < 1, the function
AMi1(z) + (1 = X f2(2) = f(2)(say) is called the linear combination of f; and fs.
Generally, the function f may not possess the same properties as those possessed
by f1 and fo. For example, linear combination of two univalent functions may not
be univalent. It is therefore a subject of interest to find conditions on f; and fs
so that their linear combination has desired property. For more details we refer
to [7,8,13-16]. Linear combination of two harmonic mappings f1(z) = h1(z) + ¢1(2)
and fo = ha(z) + g2(2), for 0 < A < 1, can be written as

f(z) = Af1(2) + (1 = A) f2(2) = A (2) + (1 = Nha(z) + Agi(z) + (1 — A)ga(2).

In 2012, Dorff and Rolf [3] presented sufficient conditions so that linear combina-
tion of two suitably harmonic functions is univalent and convex in the direction of
imaginary axis. Several other authors also presented beautiful results in this direc-
tion, for example see [5,17,18,20].
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In 1971, Stump [19] studied linear combinations of two analytic functions by taking
the constant A a complex number instead of a real one. Motivated by this, in the
present article we investigate the linear combination f = Af; + (1 — A)fa of two
univalent harmonic functions f; and fs where the constant A is a complex number.
Apart from proving several sufficient conditions for f to be sense-preserving and
locally-univalent, the radius of close-to-convexity of f is obtained. Some known results
reduce to particular cases of the results presented here. In order to prove our main
results, we shall require the following results.

LEMMA 1.4. A harmonic function f = h + g, locally-univalent in D, is a univalent
mapping of D onto a domain convex in the direction 6, if and only if h — e*Pq is an
analytic univalent mapping of D onto a domain convez in direction 6.

LEMMA 1.5. If [u —a|l < d and [v — a| < d where a and d are real and a > d > 0,
and w = “1+,¢11em + Ul-i—A_lle—i"’ where A is real and A > 0 and o € [0,7), then
R(w) > a—dseca/2.

LEMMA 1.6. Let f be an analytic function in D with f(0) =0 and f'(0) # 0 and let
K(2) = grzemyirzey, 0 €R. If Re (ZIJQ(EZ))) >0 (z €D), then f is convex in the
horizontal direction (CHD).

Lemma 1.4 is due to Clunie and Sheil-Small [2], whereas Lemmas 1.5 and 1.6 are
given by Stump [19] and Pommerenke [10], respectively.

2. Main results

It is well known that every close-to-convex function in D is univalent in ID and also that
univalency and other geometric properties of individual mappings are not, generally,
transferred to their convex combination. It is therefore of interest to find radius of
the largest disc in which convex combination of two analytic/harmonic mappings is
close-to-convex or exhibits other geometric properties like starlikeness, convexity etc.
We refer the reader to [4,9] for some glimpse of the radius problems of harmonic
mappings.

In the first theorem below, we obtain radius of close-to-convexity of the linear
combination of two univalent harmonic mappings which are shears of same convex
univalent function in D.

THEOREM 2.1. Let ¢ be convex univalent in D. For j = 1,2, let f;j(z) = h;(z) +
g;j(z) € Sy such that h;j(z) + g;(z) = ¢(z). Then for a complex number A\, F(z) =
Af1(2)+(1=X) f2(2) is close-to-convex in |z| < R, where R is the least positive root of
the equation br®+r (b + sec g) —1=0, withb = |A|+|1—A| and § = arg (ﬁ) , 0<

B <m.
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Proof. If wj(z) = g;(2)/h}(2) is a dilatation of f; (j = 1,2), then h}(2)
and gj(z) = ¢ w; (2)

¢’ (2)
I+w;(z)
follows that

T )
Since w;(0) = 0 and |w;(2)] < [2| =r < 1, for j = 1,2, it

1 1 <
1+wi(z) 1—r2|~

r
1—172 (1)
and ‘ w;(2) " .
1+wi(z)] ~ 1—r
Let
F(z)

=H(z)+G(2) (say),
where H(2) = Ahi(2) + (1 — AN)ha(2) and G(2) = Ag1(2) + (1 — X)ga(z). Now

_M(2) + (1= Ah(2)
¢'(2) ?'(2)

S0 (2)) E ()

1—A
In view of Lemma 1.5 and (1), we have
H'(z) 1 r Ié]
9Lie(qzﬁ’(z))>1—7‘2_1—r28662 @)
Also,
G| _ [T+ 0N ¢ 903 5|9
76 70 = Moo
At = 0 | 20 < -
Therefore,
G'(2) br
g | =17 ¥
From equations (2) and (3) we have,
H'(z) G'(z) 1 r s br
e (55) - |55 T - s

2 1-r
Thus using Theorem 1.2 with 8 = 0, F' is close-to-convex in |z| < R, where R is the

least positive root of br? + r (b + sec g) — 1 = 0. This completes the proof.

O
The following examples illustrate our above result.
ExXAMPLE 2.2. Let f1(2) = hi(z) + ¢g1(2) be such that hi(z) + ¢g1(2) = i and
wy(z) = Z}IEZ; = z. Then hy(z) ilog (%) + %7(1;) and g1(2) = %(1;)
1 log (%fz . Also, let f3(2z) = ha(z) + g2(2) be such that ha(2) 4 g2(2) z
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waz) = LD = 2 Then ha(2) = 3242 and go(2) = 2.

(a) Set A = % so that |A| + |1 — A\ = v/2 and B = arg (ﬁ) = Z. Then Fi(z) =

z.
L f1(2) + 35 f2(2), is close-to-convex in the disc |z| < ry &~ 0.3067, where rq is the
positive root of the equation \/§r2 + 2\/57" —1=0.

(b) Take A = H;%‘/g, so that |A\| + |1 — A = 2 and 8 = arg (ﬁ) = 2. Thus

3
Fy(z) = %fl (2) + %fg(z), is close-to-convex in the disc |z] < ro &= 0.2247,
where 75 is the least positive root of the equation 2r2 + 4r — 1 = 0.
Images of |z| < r1 and |z| < ry under F; and Fj are shown in Figure 1 (plotted using
Mathematica).

06+ 1 06t
04+ 1 04t
02} 1 ol
00+ 1 ool
-02F 1 -02t
—041 1 -04t
06k 4 -06F
06 04  -02 0.0 02 04 06 06 04  -02 0.0 02 04 06

Figure 1: Images of |z| < r1 under F; (left) and images of |z| < rp under F> (right)

REMARK 2.3. We observe that the values of r; and ry obtained in Example 2.2, using
Theorem 2.1, are not sharp.

In [3,5,20], it is proved that the linear combination Af1(2)+(1—X)f2(2),0 < A <1
of two univalent harmonic mappings f; and fo with real constant A is locally-univalent
and sense-preserving as long as the dilatations of both harmonic mappings f; and fs
are the same. In the next result we present a more general condition in the case of
complex constant A.

THEOREM 2.4. If fj(2) = h;(2)+g;(2) € S, (j = 1,2) with g1 (2) /1 (2) = g5(2)/ h5(2).
Then for a complex constant A\, F(z) = Af1(z) + (1 — A) fa(z) is locally-univalent and
sense-preserving, provided

Im(A)Im(h] (2)hy(2)) < 0. (4)



194 Linear combinations of univalent harmonic mappings

Proof. Let w(z) = g1(z)/h}(2) = g5(2)/h%5(2). Then for a complex constant A, we
have

F(z) = Mi(2) + (1= AN fa(2) = M (2) + (1= Nha(2) + Aga(2) + (1= Nga(2)

= H(2) +G(2) (say),

where, H(z) = Mhi(2) + (1 — Mha(2) and G(2) = Agi1(2) + (1 — N)ga(2). Since
|w(z)| < 1, we have

-3
- oo [ U TG+ 0Dt
A (2) + (1= Nhy(2) | [ AR (2) + (1= A)hi(z)
Thus F is locally-univalent and sense-preserving if iZi Eg 1 8 : iizz Ez; < 1. That
is, if p(A) = | AR (2) + (1 — b (2)[* — AR (2) + (1 — X)hg(;;)!2 > 0. After computa-
tions we have, u(\) = 2%e <2i3m(/\)h’1(z)h’2(z)) — —4Fm(\)Im(k, (2)i5(2)). Thus

F is locally-univalent and sense-preserving, provided Jm(\)Im(h}(2)h4(2)) <0. U

REMARK 2.5. In Theorem 2.4, if we set A as a real constant then the condition (4) is
trivially true.

In the case when wy(z) = ¢1(2)/h}(2) # wa(2) = g5(2)/h%(2), Theorem 2.4 can
be stated in a more general way as follows.

THEOREM 2.6. Let f;(z) = h;(z) + g;(2) € Sy (j = 1,2) be harmonic univalent
mappings and wy, we the dilatations of f1 and fo, respectively. For a complex constant
A, suppose that

e (A1 =3) = X1 = Vw1 (2)wa ()R ()5(2)) = 0. (6)
Then F(z) = Af1(2) + (1 — X) fa(2) is locally-univalent and sense-preserving in D.

Proof. If wy(z) # wa(z), then in view of (5), we get
Awi (2)hy(2) + (1 — Nwa(2)hy(2)
AR (2) 4+ (1 = A)hy(z) '

Thus F' is locally-univalent and sense-preserving if

BN = B (2) + (1= Ry ()] = [Mor (2)B) (2) + (1 = Nwa(2)hb(2)]” > 0.
After a simplification, we get

(A) =PI (2)P A = Jwi(2)?) + 1= AP [Ry(2)*(1 — Jwa(2)[?)
+ 2% ((/\(1 —N - X1- A)wl(z)wQ(z))h;(z)h;(z)> .

Thus in view of (6), ¢¥(A) > 0 and hence F' is locally-univalent and sense-preserving
in D. 0

G (2)/H'(2)| =

REMARK 2.7. In case of real constant A, condition (6) coincides with [20, Theorem 2].
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We end this paper by presenting another sufficient condition for the linear combi-
nation of some univalent harmonic mappings with complex constant A to be convex
in the horizontal direction (CHD).

THEOREM 2.8. For j =1,2, let f;(2) = h;(2) + g;(2) € Sy such that

Coin B z efiadc
h(z) = e (z) _A (1+ Ce®)(1 4 Ce=9)’ ek
e’wdg

and ha(2) = € a(2) :/0 et cemy <8

where o = arg(A\) and = arg(l — \). Then F(z) = Af1(2) + (1 — A) fa(2) is convex
in the horizontal direction provided it is locally-univalent.

Proof. Let
F(z) = Mi(2) + (1= N fa(2)
= Mn(2) + (1= Vha(2) + (Aqa(2) + (1= Nga(2) ) = H(2) +G(2) (say).

Then, let f(2) = H(z) — G(z) = (/\hl_(z) = Ag1(2)) + (1 = Nha(2) — (1 = X)ga(2).
Setting A = [A|e’® and 1 — X = |1 — A&, we get
F(2) =INle™hi(2) = [Ale™"g1(2) + 1 = Aeha(2) — [1 = Ae™ " ga(2),
= [Ae™® (hl(z) — e Fag, (z)) +|1- )\|ei5 (hg(z) — eiQiﬁgg(z) .
z

If k(z) = 0T 20 (1 2’ then

e (1) e (s A= k(2)
1= Al e (2 )

Thus in view of Lemma 1.6, f is convex in the horizontal direction and also univalent
in D, see [10]. Subsequently, using Lemma 1.4, F' is univalent and convex in the
horizontal direction. O

>|)\|+|1)\|>O.
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